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SURFACE AND VOLUME PROPERTIES OF GROUND STATE 
NUCLEAR MATTER IN THE HARTREE-FOCK AND 

PUFF-MARTIN APPROXIMATIONS 

by 

John C. Reynolds 

ABSTRACT 

A method is derived for computing the ground state proper t ies of a 
spatially inhomogeneous self-bound system of many par t ic les . This meth­
od is used to compute the density and effective potential ac ross a plane 
surface of nuclear matter in the Har t ree-Fock approximation and in an 
approximation developed by R. D. Puff and P. C. Martin which takes into 
account certain two-body correlation effects. 

A general theory of many-part icle systems is developed in t e rms 
of the n-par t ic le field correlation or Green's functions. It is shown that, 
for zero temperature and p ressure , this t reatment may be extended to 
inhomogeneous systems by replacing the condition of spatial homogeneity 
on the Green 's functions by appropriate asymptotic boundary conditions. 
Such conditions a re derived for a semi-infinite volume of mater ia l with a 
single plane surface. 

This development is then applied to nuclear mat ter in the Ha r t r ee -
Fock approximation. A solution for homogeneous mat ter is first obtained. 
A Gaussian interpart icle potential is used, with depth and range fitted to 
low-energy scattering data. Nuclear saturation is produced by using an 
admixture of exchange forces. The resulting binding energy per part icle 
is -3.63 Mev, and the interpart icle spacing is 1.25 fermi. These may be 
compared with experimental values of -15.75 Mev and 1.1 to 1.2 fermi. 

The inhomogeneous geometry described above is then considered. 
A short development is made of an approximation analogous to the Thomas-
Fe rmi approximation in atomic physics, but it is shown that this approach 
breaks down for nuclear matter and leads to inconsistencies because of the 
exchange nature of the forces. A numerical solution for the inhomogeneous 
geometry is then obtained by an iterative self-consistent procedure, using 
an effective mass approximation. The thickness of the resulting surface 
(the distance over which the density drops from 90 per cent to 10 per cent 
of its asymptotic value in the interior) is 2.01 compared with an exper i ­
mental value of 2.5 ± 0.2 fermi, and the density function exhibits osci l ­
lations near the surface due to the sharpness of the edge. The effective 
potential is strongly momentum-dependent but is near ly isotropic. 



A s i m i l a r t r e a t m e n t i s c a r r i e d out for the P u f f - M a r t i n a p p r o x i m a ­
t ion. In th is a p p r o x i m a t i o n the ef fec t ive po t en t i a l b e c o m e s an e n e r g y -
dependent function which is e x p r e s s e d a s a folding i n t e g r a l of the s p e c t r a l 
function of the s y s t e m and a t w o - b o d y s c a t t e r i n g m a t r i x . An a m b i g u i t y in 
the definition of the p r e s s u r e a p p e a r s in the a p p r o x i m a t i o n ; it i s r e s o l v e d 
by showing that a p r e s s u r e e x p r e s s i o n d e r i v e d f r o m l o c a l - t r a n s p o r t c o n ­
s i d e r a t i o n s m u s t be used to i n s u r e the e x i s t e n c e of t i m e - i n d e p e n d e n t s o l u ­
t ions for the inhomogeneous c a s e . 

We follow Puff in us ing an i n t e r p a r t i c l e p o t e n t i a l c o n s i s t i n g of a 
s e p a r a b l e Yamaguchi po ten t ia l p lus an S - s t a t e r e p u l s i v e h a r d s h e l l . In the 
homogeneous ca se the a p p r o x i m a t i o n l e a d s to a b inding e n e r g y p e r p a r t i c l e 
of -14.4 to -17.5 Mev and an i n t e r p a r t i c l e s p a c i n g of 0.871 to 1.01 f e r m i 
(depending on which e x p r e s s i o n for the p r e s s u r e i s s e t e q u a l to z e r o to 
obtain an u n c o m p r e s s e d s y s t e m ) . A c o m p u t a t i o n of the d e n s i t y c o r r e l a t i o n 
function is given. 

The inhomogeneous c a s e is aga in t r e a t e d by an i t e r a t i v e se l f -
cons i s t en t p r o c e d u r e with an e f f e c t i v e - m a s s a p p r o x i m a t i o n . The r e s u l t s 
give a sur face t h i cknes s of 2.33 f e r m i and a s u r f a c e e n e r g y of 18.79 Mev , 
which m a y be c o m p a r e d with e x p e r i m e n t a l v a l u e s of 2.5 ± 0.2 f e r m i and 
17.804 Mev. As in the H a r t r e e c a s e , the effect ive p o t e n t i a l i s n e a r l y i s o ­
t r o p i c , but now t h e r e a r e no s ignif icant o s c i l l a t i o n s i n s i d e the s u r f a c e . 

CHAPTER I 

INTRODUCTION AND GENERAL FORMA L ISM 

I . l . In t roduct ion 

One of the c e n t r a l p u r p o s e s of n u c l e a r p h y s i c s i s the i n v e s t i g a t i o n 
of the many-nuc l eon p r o b l e m ; idea l ly , the p r o p e r t i e s of n u c l e a r s y s t e m s 
(beyond the t r i v i a l t w o - p a r t i c l e s y s t e m ) should be d e r i v a b l e f r o m a k n o w l ­
edge of the i n t e r p a r t i c l e po ten t ia l . At l e a s t for the h e a v i e r n u c l e i , one 
would expect the n u m b e r of p a r t i c l e s in the s y s t e m to be su f f i c i en t ly g r e a t 
to al low the use of s t a t i s t i c a l m e t h o d s . Unfor tuna te ly , t h i s a p p r o a c h i s 
h m d e r e d by the ex i s t ence of the Coulomb r e p u l s i o n b e t w e e n p r o t o n s , wh ich 
domina t e s the a t t r a c t i v e n u c l e a r f o r c e s for suff ic ient ly l a r g e n u c l e i and 
p r e v e n t s the ex i s t ence of bound s y s t e m s of m o r e than a few h u n d r e d 
p a r t i c l e s . 

To c i r c u m v e n t th is difficulty many a u t h o r s have e x a m i n e d an i d e a l ­
i zed s y s t e m , usua l ly ca l led n u c l e a r m a t t e r , in which the C o u l o m b r e p u l s i o n 
is r e m o v e d f rom the i n t e r p a r t i c l e po ten t i a l . Under t h e s e c i r c u m s t a n c e s 
m a c r o s c o p i c a l l y l a r g e bound s y s t e m s will o c c u r which a r e e a s i l y a m e n a b l e 
to s t a t i s t i c a l m e t h o d s . C e r t a i n p r o p e r t i e s of a c t u a l n u c l e i , p a r t i c u l a r l y 



those which depend smoothly on the number of part icles and for which 
Coulomb effects are either small or analytically removable, should bear 
a close resemblance to the analogous propert ies of the idealized nuclear 
mat ter . 

At present, however, most investigations of nuclear mat ter have 
been limited to homogeneous matter , i.e., to the volume propert ies of 
macroscopical ly large systems. In this report we will develop an exten­
sion of these investigations to inhomogeneous systems, and in part icular 
to surface proper t ies . This extension greatly increases the scope of the 
nuclear propert ies which may be obtained from an examination of nuclear 
mat ter . 

Our general approach re l ies upon the description of many-body 
systems by a set of n-part icle field-correlation or Green 's functions 
similar to those introduced by Martin and Schwinger.il) Wg shall show 
that the Green 's functions for an inhomogeneous system satisfy the same 
differential equations as those for a homogeneous system, and that the 
spatial inhomogeneity is generated by appropriate spatial boundary con­
ditions. In part icular , we will obtain the boundary conditions for a semi-
infinite volume of mater ia l with a single plane surface and present 
numerical solutions for this geometry using two methods, the Har t ree -
Fock and the Puff-Martin^^' approximations. 

The most important property of nuclei which must be reflected by 
nuclear matter is saturation. Although the nucleus is a system of part ic les 
bound by interpart icle attraction, the system does not collapse as the num­
ber of part icles increases . Specifically, the energy per particle and the 
density of the nucleus (when the effects of Coulomb repulsion are dis­
counted) tend to constant limits for large numbers of par t ic les . This implies 
that an individual nucleon feels only the potential produced by its close 
neighbors, i.e., that the interpart icle potential is short-ranged, and that 
some mechanism, such as arising from a repulsive core or exchange effects, 
prevents the nucleons from packing too closely as the number of part ic les 
inc reases . 

This situation is i l lustrated quantitatively by the WeizsS.cker semi-
empir ical mass formula, which expresses the binding energy of nuclei by 
a constant binding energy per part icle of -15.76 Mev,^ ' modified by t e rms 
describing Coulomb repulsion, surface effects, and symmetry energy. One 
would expect this formula, with the Coulomb te rm dropped, to describe 
nuclear matter as well. Similarly, the density of nuclear mat ter should be 
qualitatively equal (but somewhat larger since there is no Coulomb repulsion) 
to the density of large nuclei. Such a situation should also hold for such 
pa ramete r s as the optical potential. 



In ac tua l ly solving the equa t ions which d e s c r i b e n u c l e a r m a t t e r , the 
s i m p l e s t app rox ima t ion , which n e g l e c t s a l l c o r r e l a t i o n e f fec t s , is the 
H a r t r e e - F o c k app rox ima t ion . In Chap te r II we give a g e n e r a l d e r i v a t i o n 
of this app rox ima t ion in t e r m s of the G r e e n ' s - f u n c t i o n f o r m a l i s m and d e ­
s c r i b e i ts solut ion for homogeneous m a t t e r . C h a p t e r III g ive s the c o r r e ­
sponding solut ion for inhomogeneous m a t t e r with a p lane s u r f a c e . 

In the H a r t r e e a p p r o x i m a t i o n each nuc leon m o v e s in an effect ive 
potent ia l due to the r e m a i n i n g p a r t i c l e s , which is e x p r e s s e d a s a folding 
i n t eg ra l of the i n t e r p a r t i c l e po ten t i a l and the s p e c t r a l funct ion of the s y s ­
t em (which i s , in tu rn , the p roduc t of o n e - p a r t i c l e wave funct ions i n t e g r a t e d 
over the d e g e n e r a c y v a r i a b l e ) . In the h o m o g e n e o u s c a s e the p a r t i c l e s f i l l 
a s p h e r i c a l r eg ion in m o m e n t u m space bounded by the F e r m i m o m e n t u m . 
The p r inc ipa l s h o r t c o m i n g of the a p p r o x i m a t i o n is i t s i nab i l i t y to d e a l wi th 
a r epu l s ive c o r e in the i n t e r p a r t i c l e po ten t i a l . As a r e s u l t , s a t u r a t i o n 
m u s t be induced pu re ly by exchange ef fec ts , and the r e s u l t i n g s y s t e m has a 
binding ene rgy per p a r t i c l e which is only about o n e - f o u r t h of the W e i z s a c k e r 
va lue . Fo r the inhomogeneous c a s e the s u r f a c e ( i . e . , the d e n s i t y a c r o s s 
the sur face) is i l l u s t r a t e d in F i g u r e 3. 

To o v e r c o m e the s h o r t c o m i n g s of the H a r t r e e m e t h o d , an a p p r o x i m a ­
tion m u s t be used which t akes into accoun t suff icient c o r r e l a t i o n e f fec t s to 
allow the use of r e p u l s i v e c o r e s . In C h a p t e r s IV and V we d e s c r i b e the 
homogeneous and inhomogeneous so lu t ions for an a p p r o x i m a t i o n of t h i s type , 
which was developed by P . C. M a r t i n and o r i g i n a l l y app l i ed to the h o m o ­
geneous ca se by R. D. Puff,(2) and which g ives e x c e l l e n t a g r e e m e n t wi th the 
Weizsacke r binding ene rgy . 

This app rox ima t ion , which we ca l l the P u f f - M a r t i n a p p r o x i m a t i o n , 
l eads to an e n e r g y - d e p e n d e n t effective po ten t i a l which is a folding i n t e g r a l 
of the t w o - p a r t i c l e s c a t t e r i n g m a t r i x and the s p e c t r a l function. In the 
homogeneous c a s e the p a r t i c l e s s t i l l occupy a r e g i o n of m o m e n t u m s p a c e 
with a s h a r p cut-off at the F e r m i m o m e n t u m , but the e n e r g y d e p e n d e n c e of 
the effective poten t ia l l eads to a r educ t i on of the d e n s i t y wi th in t h i s r e g i o n , 
so that the F e r m i m o m e n t u m for a given to ta l d e n s i t y is g r e a t e r in th i s 
app rox ima t ion than in the H a r t r e e c a s e . The r e s u l t i n g d e n s i t y a c r o s s t he 
sur face in the inhomogeneous ca se is g iven in F i g u r e 16. 

It should be noted that the ca l cu l a t i ons for the P u f f - M a r t i n a p p r o x i ­
mat ion , which a r e d i s c u s s e d in C h a p t e r s IV and V, have been r e p o r t e d 
e l s e w h e r e by R. D. Puff and the p r e s e n t au tho r . (3 ,4 ) Qur p r e s e n t p u r p o s e 
IS to give a m o r e deta i led account of the d e r i v a t i o n s and n u m e r i c a l t e c h ­
n iques involved in these ca l cu l a t i ons . 

1-2. The M a n y - p a r t i c l e G r e e n ' s Func t ions 

The p r o p e r t i e s of a m a n y - p a r t i c l e s y s t e m such a s n u c l e a r m a t t e r 
a r e convenient ly e x p r e s s e d by a set of field c o r r e l a t i o n funct ions or G r e e n ' s 



functions, which are the expectation values of time-ordered products of 
the field operators of the system. In this section we define these Green's 
functions, obtain the differential equations and boundary conditions which 
they must satisfy, and show how the ground state properties of a system 
may be extracted from the Green's functions. A more extensive discus­
sion of these derivations is given in Reference 1. 

The nuclear particles are described by field operators V(C r t), 
where the discrete variable ^ describes spin and isotopic spin. In most 
of our derivations we will omit any explicit mention of the (^-variable by 
using the convention that the variable r actually represents both ^ and r. 
To further simplify our equations we assume a system of units in which 
n = 1. 

Since the nucleons are Fermi-Dirac particles, the field operators 
for equal times obey the anticommutation relations 

^(rit)^(r2t) +^(r2t)^(rit) = 0 

^+(rit) /(r2t) + /(r2t) / ( r , t ) = 0 (l.l) 

f(^ii) / (rzt) + /(r2t)^(rit) = 6(ri-r2) • 

The time development of the ^'s is determined by a generalized 
Ham i It on i an 

H = H - IJ.N , (1.2) 

where H is the usual Hamiltonian 

H = - j (dr) / ( r t ) ^ ^(rt) + | j (dr i)(dr2)(dr ;)(dr;) ^+(r,t) i^^ir^t) 

X <rir2|v| r;r2>^(r2t)^(rlt) , (1.3) 

N is the number operator 

N = j (dr) / ( r t ) ^(rt) , (1.4) 

and /i is a numerical parameter which may be identified with the thermo­
dynamic chemical potential. The additional term -;LiN in the generalized 
Hamiltonian is equivalent to the presence of a constant external potential 
and merely introduces a constant phase factor in the field operators. We 
have introduced this term in order to produce an eventual simplification 
of the boundary conditions on the Green's functions. 



The equation of mot ion for the field o p e r a t o r s is i ^ ^ = ipH - H f • 
which has the expl ic i t fo rm 

li g^ + /J + ^ U ' { r , t ) - j (dr;)(dr;)(dr;) / ( r j t ) < r , r j | v | r l r ; > V ( r j t ) ; K r ; t ) = 0 , j ^ j 

We now define a set of n - p a r t i c l e G r e e n ' s o p e r a t o r s Gĵ  by 

G„(r,t,. . .r^t„; r ; t ; . . . r ; t ; ) = (-i)"c{t,...t„; t;...ti) (iKr.t,)... *(r^t^) l^( r ; t ; ) . . . r(r\t\)) ^ . ( 1 . 6 ) 

The symbol ( )+ ind ica tes a t i m e - o r d e r i n g of the field o p e r a t o r s wi th the 
e a r l i e s t t i m e to the r igh t . The quant i ty e is the a n t i s y m m e t r i c function 
( - l )P , where p is the number of p e r m u t a t i o n s n e c e s s a r y to c o n v e r t the 
t i m e - o r d e r e d sequence of t ' s into the s t a n d a r d s equence t j . . .tn ; t^- --t] . 
The p r e s e n c e of e , along with the a n t i c o m m u t a t i o n r e l a t i o n s ( l l ) , r e m o v e s 
the t i m e - o r d e r i n g d i scon t inu i t i e s at the points tj = ti and tj = t; , but not 
at the points tj = t- . 

A set of coupled d i f ferent ia l equa t ions for the G r e e n ' s o p e r a t o r s 
may be obtained by different ia t ing (1.6) with r e s p e c t to tj and apply ing 
(1.5). A set of del ta- funct ion t e r m s a r i s e s f rom the d i s c o n t i n u i t i e s a s tj 
c r o s s e s each of the tj . The r e s u l t i n g equa t ions a r e 

L' 3i; ' '̂  ' M °n ('•'••••-•n'n: '''^''^-' <''r) + i/(dr„+.)(dr-,)(dr-„+,) <r , r„ , , |v |?,r„^,> 

f ( - l ) ^ - 6 ( r , - r : ) 6 ( t , - . : ) G „ . , ( r , . , . . . r „ t , ; r Iti.. .r j . . t j . , r j ^ , t ' „ . . . r i t i ) , ( 1 . 7 ) 

where GQ = 1. 

The G r e e n ' s functions a r e s imply expec ta t ion v a l u e s of the G r e e n ' s 
o p e r a t o r s : 

n function - % ope ra to r> ' ( l .S ) 

The different ia l equat ions (1.7) will hold as wr i t t en for the G r e e n ' s func­
t ions providing that the expectat ion value is n o r m a l i z e d so that G„ = <1> = 1 
To comple te the specif icat ion of the G r e e n ' s functions we m a k e the p a r t i c u - ' 
l a r choice of the expectat ion value 

X e-^(E-;,N)Ty,.I 

TJ. e-i(H-MN)T y - - ^ ; , (1.9) 
" L e - i (E- / iN)T2^1 

„ „ -.(H-/iN)T A e- '^^-MiN;T2^,.NL7 |X| N E 7 > 
<X> = ^^^^^ = iiiE ^ 

N , E 7 



where N, E, and -y are the eigenvalues of the number operator, energy, 
and degeneracy variables, respectively, and where the number T has a 
negative imaginary part to produce convergence. 

The advantage of this particular choice of the expectation value 
lies in the simple boundary conditions which result from the cyclical 
propert ies of the t race . For example, suppose T is real (with an infini­
tesimal negative imaginary part), and all the variables tj and tj are within 
the range 0 to T. Then consider G„ for tj = 0: 

Gjr,Or,t,...r_^t^; '^\t[--'^0 = (-i)" £(0t,...!„; t;...t;) 

^ Trle-'^^iir.u)... Hr^t^)i'Ur^t'^)- V-Mrlt',))^ l^(r,0)] 

(1.10) 

and for tj = T, 

G^(r,Tr2t2...r„t„; rltl-.-r^^) = (-i)" E (rt;. ..t^ ; t;...t;) 

Tr [e-' ' 'T*(r,T)(*(r,ti)...V(rnt„)/(r;t;)...l!.+ (r',t',))J 
X TT. 

^ ^ (1.11) 

The cyclical property of the trace allows us to move flri O) in (l . lO) to the 
left end of the expression in square brackets. Then, by using the integral 
equation of motion: 

^ ( r ,T) = e ' " ^ ^ ( r , 0 ) e - ^ ^ , (1.12) 

•we may show that 

Gjr , . r , t , . . . r ^ t „ : r't[...r^^ - l^^;;"^^ ;i^;;;;i; G,(r .Or,t.. ..r„t„ ; r l t l - r X ) 

(1.13) 

since 2n-1 permutations are required to car ry the numerator of e/e into 
the denominator. A similar boundary condition holds for each of the time 
variables tj and tj . 

To make use of these Green's functions, we must be able to extract 
the expectation values for a given energy and number of part icles (averaged 
over the degeneracy variable) from the weighted sum in (1.9). A detailed 
discussion of this procedure for arb i t rary values of E is given by Martin 
and Schwinger.vll In dealing with nuclear matter , however, we are only 



i n t e r e s t e d in the ground s t a t e s E = E O ( N ) (whe re EQ is the l o w e s t e n e r g y 
leve l of a s y s t e m of N p a r t i c l e s ) , and for t h e s e s t a t e s the e x t r a c t i o n is 
s t r a i g h t f o r w a r d . 

We need only take the l imi t of (1-9) a s i r ^ co ( t h e r m o d y n a m i c a l l y , 
th is c o r r e s p o n d s to z e r o t e m p e r a t u r e ) . The s u m in (1.9) then r e d u c e s to 
the d e s i r e d expec ta t ion value 

<X> • ' ^ ' ' ' ' ' ' ^ § ^ < N o E o ( N o ) 7 | X | NoEo(No) 7 > 
iT-^oo o v e r y 

(1.14) 

whe re NQ is the va lue of N for which the function E O ( N ) - ^ N is a m i n i m u m . 
Thus , to obtain g r o u n d - s t a t e expec t a t i on v a l u e s we m u s t f i r s t ob ta in f o r m a l 
e x p r e s s i o n s for the G r e e n ' s funct ions which i n c o r p o r a t e the b o u n d a r y c o n ­
di t ions and then take the l imi t as iT-^oo, ad jus t ing ^ to give the d e s i r e d 
value of NQ. 

The n u m b e r of p a r t i c l e s , NQ, is a function of ji which is d e t e r m i n e d 
by m i n i m i z i n g the function E O ( N ) - /iN. F o r a s y s t e m of m a c r o s c o p i c s i z e 
we m a y t r e a t N as a cont inuous v a r i a b l e and m i n i m i z e th i s funct ion by 
se t t ing i t s d e r i v a t i v e at N = NQ equal to z e r o , ob ta in ing 

M 
dEp 
dN 

N=NO 

(1.15) 

For th is point to be a m i n i m u m we m u s t a l s o have 

d^ 
dN' 

2 [Eo(N) - /iN] 

N=NO 

d^Ep 
dN^ 

> 0 
N=NO 

(1.16) 

Actual ly , th is is an o v e r s i m p l i f i c a t i o n . The function E O ( N ) - /jN m a y 
have one or m o r e loca l m i n i m a which sa t i s fy ( l . l 5 ) and (1.16), and the v a l u e s 
of the function at t he se points m a y or m a y not be l e s s than the va lue 
Eo(N) - piN = 0 at the end point N = 0. F u r t h e r m o r e , the t r u e m i n i m u m Np 
m a y jump d i scon t inuous ly f rom one loca l m i n i m u m to ano the r or to the end 
point as /i is v a r i e d . 

We l imi t o u r s e l v e s to the c a s e of a s ingle loca l m i n i m u m . F o r l a r g e 
fi, the t r u e m i n i m u m Np(fi) wi l l be the loca l m i n i m u m and wi l l sa t i s fy (1.15) 
and (1.16), but for sufficiently nega t ive fi the t r u e m i n i m u m wil l be the end 
point Np(/i) = 0. Let N ^ r i f Merit ^e the point a t which the loca l m i n i m u m 
c e a s e s to be the t r u e m i n i m u m . This point s a t i s f i e s (1.15). In addi t ion 

Eo(N) - /iN 

N , c r i t 



m u s t have the s a m e va lue a s it has for N = 0: 
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Eo(Ngri t ) - M e r i t ^ c r i t = E O ( N ) - /.N = 0 (1.17) 
N=0 

T h u s , t h i s point is d e t e r m i n e d by 

^cr i t dN 
- E°(Ncr i t ) 

N 
N=N c r i t 

c r i t 

(1.18) 

and No(/Li) wi l l be d i scon t inuous at th i s point if N|,j.jj > 0. It wi l l t u r n out 
t ha t the e x i s t e n c e of th is d i scon t inu i ty is a n e c e s s a r y condi t ion for 
s a t u r a t i o n . 

The following d i a g r a m i l l u s t r a t e s the two c a s e s of cont inuous and 
d i s con t i nuous Npdu): 

Cont inuous Case 
(no s a t u r a t i o n ) 

Discon t inuous Case 
( s a t u r a t i o n ) 

N = N„ 

' ^ • M e r i t 

1.19) 

r e g i o n I r e g i o n ' r e g i o n 
3 I 2 I I 
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In r eg ion 1 of the f igure for the d i scon t inuous c a s e the l o c a l e x t r e m u m is 
the t r u e m i n i m u m , in r eg ion 2 it is a l oca l m i n i m u m but not the t r u e m i n i ­
m u m , and in reg ion 3 it is a loca l m a x i m u m . 

The ac tua l solut ion of the G r e e n ' s - f u n c t i o n e q u a t i o n s wi l l not 
expl ic i t ly exhibit a d iscont inui ty of th is s o r t . In s t ead , the e q u a t i o n s wi l l 
p o s s e s s two d is t inc t so lu t ions (within a r e g i o n of fi con ta in ing the point of 
d i scont inu i ty) : an o r d i n a r y f in i t e -dens i ty so lu t ion for which ^J. = dEp /dN, 
and an e x t r a o r d i n a r y vacuum solut ion for N = 0. The d i s c o n t i n u i t y m u s t 
be imposed by switching f rom the o r d i n a r y to the e x t r a o r d i n a r y so lu t ion 
at /i = /i .^. In p r a c t i c e , one n o r m a l l y c o n s i d e r s only v a l u e s of [i wh ich 
a r e l a r g e r or equal to Merit' ^"•'^ ^^^ e x t r a o r d i n a r y so lu t ion is i g n o r e d . 
However , an expl ic i t cons ide ra t i on of th i s d i s con t inu i ty wi l l be n e c e s s a r y 
to just ify our de r iva t ion of the equa t ions for i n h o m o g e n e o u s m a t t e r . 

The e x t r a o r d i n a r y vacuum solu t ion is s i m p l y <N = 0 | G,-. | N = 0>. 
It is useful to note that the o n e - p a r t i c l e v a c u u m G r e e n ' s funct ion Gj is 
independent of the i n t e r p a r t i c l e po ten t i a l and is equa l to the a n a l o g o u s 
function for free p a r t i c l e s . This r e s u l t s f r o m the fact tha t for n = 1 the 
vacuum expec ta t ion value of the po ten t i a l t e r m in (1.7) v a n i s h e s b e c a u s e 
of the p a r t i c u l a r t i m e - o r d e r of the field o p e r a t o r s , which p l a c e s an 
annihi la t ion o p e r a t o r to the r igh t . 

We finally cons ide r the cond i t ions for which the s y s t e m wi l l 
exhibi t s a tu ra t i on . The t e r m s a t u r a t i o n a c t u a l l y i m p l i e s two p r o p e r t i e s : 
1) The s y s t e m is se l f -bound, i .e . , it h a s a n o n z e r o d e n s i t y when the p r e s ­
s u r e on the s y s t e m is z e r o . (It is a t the point of z e r o p r e s s u r e or 
" z e r o point" that we wi sh to eva lua te the p r o p e r t i e s of n u c l e a r m a t t e r . ) 
2) The s y s t e m does not co l l ap se , i . e . , the e n e r g y of a c o n s t a n t n u m b e r of 
p a r t i c l e s does not d e c r e a s e indef in i te ly a s the v o l u m e of the s y s t e m 
d e c r e a s e s . 

Both of t he se condi t ions involve the dependence of the s y s t e m on 
i t s v o l u m e . We have imp l i c i t l y a s s u m e d that our s y s t e m is bounded by a 
m a c r o s c o p i c box of vo lume V, which is suff ic ient ly l a r g e to a l low s u r f a c e 
effects at the wal l s to be neg l ec t ed . F o r such a s y s t e m it is use fu l to 
define the p a r t i c l e and e n e r g y d e n s i t i e s 

P = Np/V ; e = Ep/V , (1.20) 

and we m a y a s s u m e that the e n e r g y d e n s i t y depends on the v o l u m e only 
th rough the p a r t i c l e dens i ty , i . e . , e = e (p ) . F u r t h e r m o r e (for the o r d i n a r y 
solut ion) , 

de(p) 
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W i t h t h e u s e of t h e f u n c t i o n e ( p ) t h e e n e r g y m a y b e w r i t t e n a s a n e x p l i c i t 

f u n c t i o n of t h e n u m b e r of p a r t i c l e s a n d t h e v o l u m e : 

E o = V e ( N p / v ) . ( 1 . 2 2 ) 

F r o m t h i s e q u a t i o n w e m a y o b t a i n a n e x p r e s s i o n f o r t h e p r e s s u r e 

b y u s i n g t h e t h e r m o d y n a m i c d e f i n i t i o n of p r e s s u r e a s t h e n e g a t i v e r a t e of 

c h a n g e of t h e e n e r g y of t h e s y s t e m w i t h r e s p e c t t o i t s v o l u m e , w i t h t h e 

n u m b e r of p a r t i c l e s h e l d c o n s t a n t . T h i s g i v e s 

o r , b y m e a n s of ( l . 2 l ) , 

P = p/i - e . ( 1 . 2 4 ) 

F r o m t h i s w e s e e t h a t t h e z e r o - p r e s s u r e p o i n t i s j u s t t h e p o i n t Np = N^j.j(-, 

II = M e r i t ' ^"^^ ' ^ ^ f i r s t r e q u i r e m e n t f o r s a t u r a t i o n , t h a t t h e d e n s i t y b e 

n o n z e r o a t t h i s p o i n t , i s e q u i v a l e n t t o r e q u i r i n g t h a t Np(/i) o r pip.) b e d i s ­

c o n t i n u o u s a t t h i s p o i n t . 

T h e s e c o n d r e q u i r e m e n t i s t h a t ( 1 . 2 2 ) m u s t n o t d e c r e a s e i n d e f i n i t e l y 

a s V -• 0. T h i s w i l l n o t o c c u r if e ( p ) i n c r e a s e s a t l e a s t l i n e a r l y a s p - » "o, 

w h i c h i s e q u i v a l e n t t o 

l i m d e _ l i m , N „ n :.c1 
•T— - u\p) a 0 . (1.25) 

p—co dp p-*oo ' ^^^ ' 

1.3. Inhomogeneous-case Methods 

Since the generalized Hamiltonian (1.2) and the weight factor 

g-i^H-^N^T jjj (1.9) are translationally invariant operators, the Green's 

functions,defined in Section 1.2 are spatially homogeneous functions and 

are only capable of describing infinite homogeneous matter. In general, 

we will refer to a function of one or more spatial variables as "spatially 

homogeneous" if it is unchanged when all of its spatial variables are 

changed by an equal amount. This is equivalent to saying that it depends 

only upon the differences of its spatial variables. 

In this section we wish to generalize the Green's functions so that 

they may be applied to inhomogeneous systems. The most straightforward 

method of doing this is to introduce an external potential Vg^j(r), which 

appears in the Hamiltonian as an additional term: 

"ext = .^ '̂̂ ^ '̂̂ ext '̂'̂  ^"^^'"^^^^' ' '^ • ^^-^^^ 



The in t roduc t ion of th is po ten t ia l mod i f i e s the d i f f e r en t i a l equa t i ons for the 
G r e e n ' s functions by changing the d i f f e ren t i a l o p e r a t o r in the f i r s t l ine of 
(1.7) to 

I - + M - V > , ) + ^ 
dti ext 2m 

(1.27) 

In o r d e r to examine the su r face of n u c l e a r m a t t e r , we m a y l o c a l i z e 
the m a t t e r by in t roduc ing a poten t ia l well , o r , equ iva len t ly , a p o t e n t i a l 
b a r r i e r . F u r t h e r m o r e , if we choose /i = Meri t '•'-' g''^^ z e r o p r e s s u r e and 
the wel l has m a c r o s c o p i c d i m e n s i o n s , we would expec t an i n f i n i t e s i m a l 
po ten t ia l to be sufficient to p roduce the loca l i za t ion , s i nce t h e r e wi l l be no 
back p r e s s u r e aga ins t the wel l and s ince a m a c r o s c o p i c we l l wi l l have an 
in f in i t e s ima l z e r o - p o i n t ene rgy . On the o ther hand, such an i n f i n i t e s i m a l 
wel l would not have any d i s to r t ing effect on the s t r u c t u r e of the n u c l e a r 
s u r f a c e . 

To r e a l i z e th is s i tuat ion m a t h e m a t i c a l l y we i n t r o d u c e a s h a r p - e d g e d , 
i n f in i t e s ima l wel l in the m a c r o s c o p i c r eg ion Rp, by us ing the e x t e r n a l 
po ten t ia l 

{ -€, if r in Rp 

e, ;f r not m Rp , 

whe re e is pos i t ive . The effects of such a po ten t i a l m a y be i n f e r r e d 
d i r e c t l y f rom (1.27). Since Vgx^(r) is addi t ive to M =Mcrit' ' ^ e l o c a l p r o p ­
e r t i e s of the s y s t e m , at m a c r o s c o p i c d i s t a n c e s f rom the s u r f a c e of Rp, wi l l 
be the s a m e a s the p r o p e r t i e s of a homogeneous s y s t e m for /i = Merit + e 
ins ide the well , and M = Merit " <̂  ou ts ide the wel l . 

The abi l i ty of this in f in i t es imal wel l to l oca l i z e the s y s t e m s t e m s 
m a t h e m a t i c a l l y from the d i scont inu i ty of pi^x) at M = Mer i t ' ^ ^ i c h o c c u r s 
for a s a t u r a t e d s y s t e m . Inside the well , for ^, = f̂ ^̂ .̂  + e ^ e have m a t t e r 
at the z e r o - p r e s s u r e dens i ty p = N ^ j ^ / v , w h e r e a s ou t s ide the weU, for 
M ~ Meri t " i=̂  - we have a vacuum: p = 0. 

The e s s e n c e of th is p r o c e d u r e is that the e x t e r n a l po t en t i a l , be ing 
in f in i t e s ima l , is a pu re ly fo rma l ent i ty which need not be i n s e r t e d e x p l i c ­
it ly mto the G r e e n ' s - f u n c t i o n equa t ions . The m h o m o g e n e o u s - e a s e G r e e n ' s 
functions sa t i s fy the s ame equat ions as the homogeneous func t ions . The 
only change is that the condition of spa t i a l homogene i ty m u s t be r e p l a c e d 
by spa t i a l boundary condi t ions which specify that the loca l p r o p e r t i e s of 
the s y s t e m a p p r o a c h the p r o p e r t i e s of s a t u r a t e d h o m o g e n e o u s m a t t e r 
ins ide he r eg ion Rp and a p p r o a c h the p r o p e r t i e s of the v a c u u m o u t s i d e Rp. 
These loca l p r o p e r t i e s include the G r e e n ' s functions G„ t h e m s e l v e s , wh ich 
a r e loca l p r o p e r t i e s of the i r a v e r a g e spa t i a l c o o r d m a t e R = ( l / 2 n ) 
( r i +...+ r j , + r i +...+ r ^ ) . / ' 
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The simplest possible inhomogeneous geometry is that of a single 
plane surface of matter localized by choosing Rp to be the half-space 
Z > 0. In this case, the local propert ies of the system are spatially in-
homogeneous only along the Z-aixis, approaching the propert ies of homo­
geneous mat ter as z-*+ •» and of the vacuum as z-* - o". In the following 
chapters we will obtain solutions for inhomogeneous nuclear matter (in 
the Har t ree-Fock and Puff-Martin approximations) in this senni-infinite 
geometry. 



16 

C H A P T E R II 

THE H A R T R E E - F O C K APPROXIMATION IN THE HOMOGENEOUS CASE 

II. 1. Gene ra l Der iva t ion 

In Chap te r s II and III we d e r i v e the u n c o r r e l a t e d o r H a r t r e e - F o c k 
approx imat ion and obtain so lu t ions for both the h o m o g e n e o u s and i n h o m o ­
geneous c a s e s . We re fe r to this as the H a r t r e e - F o c k a p p r o x i m a t i o n by 
analogy with the ca se of a tomic s y s t e m s , in which it l e a d s to the c o n v e n ­
t ional H a r t r e e - F o c k equat ions for the o n e - p a r t i c l e wave func t i ons . A l ­
though this approx imat ion is known to be s e v e r e l y i nadequa t e for d e a l i n g 
with nuc lea r m a t t e r , it will be useful to develop i t s c o n s e q u e n c e s , p a r ­
t i cu l a r l y in the inhomogeneous c a s e , as a p r e l i m i n a r y to i n v e s t i g a t i n g 
c o r r e l a t i o n effects . 

The G r e e n ' s function Gj sa t i s f i es the d i f f e ren t i a l equa t ion 

[ ' •a t r "̂  ^ '^ 2^\ ' ^ l ' " ' ! ' ' ' "'''i) + i / (d r j ) (d r ; ' ) (d r i ) <r , r2 |v| r j ' r i> G2(r; ' t i r ; t , ; r[t[i:^tt} = 

6 ( r , - r ; )6{ t , - t ; ) 

(2.1) 

along with the app rop r i a t e per iod ic boundary condi t ions in t i m e In the 
H a r t r e e - F o c k approx imat ion we neg lec t a l l c o r r e l a t i o n effects and r e p l a c e 
G2 by a product of G,s , a r r a n g e d to give the a p p r o p r i a t e a n t i s y m m e t r y : 

G2(r:t,r2t2; r^'t^'t^) = G,(r , t , ; rjti) Gi(r2t2; r ' t ' ) - G , ( r , t , ; r^t^) G,(r2t2; r j t ; ) 

(2.2) 
The subs t i tu t ion of (2.2) into (2.1) then y ie lds 

b a ^ + '̂  "" i ^ J ' ^ ' ' " ' ' ' " - '•i'") - / (d'-;') V(rLr;') G,(r; ' t , : ritj) = 6 (r , - r i )6( t , - t[) , 

w h e r e (2.3) 

V(r , r ; ) - - i / ( d r 2 ) ( d r ' ) [<r ,r2 |v| r j r ' > . < r , r 2 | v | r ^ r ; > ] G . f r ' t , r2tr) . 

of the s ^ ' a : i : i ^ : 2 e ' ™ ^ ^ : T t r ^^^ ^^^^^^^^^ c o n s e q u e n c e s 
the space coordinate 's . We a l ^ l e t h a t ! ? » " '^I ' ^ ' ^^ ^'^^^^^^^'^^ - ' ° 
c o n s e r v e s the total spin and isotypic s l L L d ' " " " ' ^ '^^'^"^ 
v a r i a b l e s , i . e . , that t he re is . n ^l '^ s y m m e t r i c in t h e s e 
effects . Now G, is a sum of dia ' " ; " , ' '^""^ '^"^ °^ e l e c t r o m a g n e t i c 
<\U{r r t hli^ir'JA W ' ' ' ^ g " " ^ ! e l e m e n t s of the f o r m 

^ ^ O l ^ ^ o l t ^ t f ^ ^ ^ - X ^ ^ ^ ' ' ' - ^ ' - °^ ' ^^ ^ - - ^ ^ ^ e s i m p l i e s 
<=! ^ (= 1. In addit ion, f rom the def ini t ion of G, in t e r m s nf 



Tr(^(i;iriti)^+(^iriti)).,., we can see that the symmetry of the Hamiltonian 
implies that G, is independent of C,i when Ci = Ci- These resul ts allow us 
to factor out the (^-dependence: 

Gi(Ciriti; i:;rit;)= 6(-,^; Gi(r,ti; rltl) . (2.5) 

By substituting this into (2.3) and (2.4) we find that (2.3) holds as 
written for the new Gj, whereas (2.4) becomes 

V(r,r;) = V(5iri^,r;) 

= - i / ( d r2 ) (d r^ ) r i (<(:,riC2r2tv|Cir;':2r;>-<CiriC2r2|vK2r2Cir;>) 
L?z 

X G,(r2t , ; r2t,+) . (2.6) 

We assume that the interpart icle potential is a sum of products of spatial 
functions and the possible combinations of the spin exchange operator P'^ 
and the isotopic-spin exchange operator P''^: 

<CiriC2r2tvK;=^;':zrz> = < r,r2 |vp| rjr^ >< CiCz IlKiCz > 

+ <rir2|vo|rlr^><OCz|P°|C;Cz> + <ri r2K|r ; r^><ClCz|P '^ |ClCz> 

+ <r,r2)v^.r |r ;r^><Cli:2|P'^P'^ |dd> • (2.7) 

Let j be the spin coordinate and k the isotopic spin coordinate. Then 

<jikijzkz P^ I j;k;j;k2 > = 6 j j ; 6j^j; 6^^! ,̂ 6^^^. , 

<JikiJ2k2 |P^I j;kiJ2k2> = 6 j j ; <5j2J2*kik; 6k2k; . (2.8) 

If we substitute this into (2.7) and the result into (2.6), we obtain 

V(rir;) = -ir(dr2)(dr2) [<r i r2 |v | r ; r i> -<r i r2 |vg^ | r ; r ;> ] Gi(r;ti; rjtj-) 
(2.9) 

where 

< | v | > = 4< | v „ | > + 2 < |v^|> + 2 < | v ^ | > + < | v ^ ^ | > , 

< l v g j > = < |vp|> + 2< |vo|> + 2<|v.r l>+ 4< |voT-|> . (2.10) 

The Green's function Gj is now specified by equations (2.3), (2.9), 
(2.10), and the time boundary conditions. These equations may be r e ­
written in a manner which incorporates the boundary conditions by ex­
press ing GJ in a spectral form. Consider the functions G\ and G / , de­
fined analogously to Gi but without the time ordering: 



G>(r t ; r ' t ' ) = | < ^ ( r t ) ^ + ( r ' t ' ) > ; 

G<( r t ; r ' t ' ) = - ^ < •ii'+( r ' t ' ) ^ ( r t ) > . (2.11) 

Both G and G^ sa t is fy an equat ion s i m i l a r to (2.3) but wi thout t he i n -
homogeneous de l ta - func t ion t e r m which a r o s e f r o m the t i m e - o r d e r i n g 
d i scont inu i ty . The G r e e n ' s function Gj m a y be e x p r e s s e d in t e r m s of 
t h e s e functions as 

Gi(r t ; r ' t ' ) 
G > ( r t ; r ' t ' ) 
G < ( r t ; r ' t ' ) 

t > t ' 
t < t ' (2.12) 

Now, the c o n s i d e r a t i o n s which lead to the b o u n d a r y c o n d i t i o n s on 

Gi show that 

G ^ ( r t ; r ' t ' ) = - G > ( r t + T ; r ' t ' (2.13) 

These functions depend only upon the t i m e d i f f e r ence t - t ' . If we i n t r o d u c e 
the i r F o u r i e r t r a n s f o r m s in th i s va r i ab l e , (5 ) 

' > • < 
(r t ; r ' t ' ) r i ^ e - ' ( ^ - M ) ( t - f ) (rr 'o)) , (2.14) 

/ 27ri ^> < 

we find by t r a n s f o r m i n g (2.13) that g y and gy are p r o p o r t i o n a l : 

.(rr'a3) = -e-^{<^-1^)^ gy{rr'u^) . 
"< 

(2.15) 

B e c a u s e of th is p ropo r t i ona l i t y r e l a t i o n s h i p , which is e q u i v a l e n t to the 
o r ig ina l bounda ry condi t ions on Gj, we m a y i n t r o d u c e a s ing l e funct ion 
A(rr ' tu) , ca l led the s p e c t r a l function, such that 

3> (rr'CD) 
A(rr'Uj) 

l + g-i(a3-M)T ' ^< 
( r r 'co) 

- A(rr'co) 

1 +ei (^-M)T 
(2.16) 

By subs t i tu t ing th i s into (2.14) and the r e s u l t into (2.12) , we f indl^) 

A(rr'a3) 

G(r t ; r ' t ' ) = - [ i ^ g-i(co - M)(t - t ' ) • 
i Zn 

1 + e-i(m-M)7-

A(rr'cu) 

1 + e i ( '^ -M)T 

t > t ' 

; t < t ' 
(2.17) 

The functions g^ and g^ both m u s t s a t i s fy the F o u r i e r t r a n s f o r m 
of the homogeneous equat ion c o r r e s p o n d i n g to (2.3) . Since A is p r o p o r t i o n a l 
to g ^ and g^ , it a l so s a t i s f i e s th i s equa t ion : 



[u^ + - ^ j A ( r , r ; ( D ) - J ( d r ; ) V ( r , r ; ' ) A ( r ; ' r ; c o ) = 0 (2.18) 

[The p u r p o s e of w r i t i n g the t r a n s f o r m e d v a r i a b l e in (2.14) a s ca-ji was to 
e l i m i n a t e / n f r o m (2 .18) . ] 

The f o r m of the i n h o m o g e n e o u s t e r m in (2.3) p l a c e s a cond i t ion 
on A. If we i n t e g r a t e (2.3) ove r t i m e a c r o s s the de l t a funct ion and 
s u b s t i t u t e (2.17), we find 

P I^A(rr'cD) 6(r (2.19) 

Equa t ion (2.18) h a s the fo rm of a non loca l S c h r o e d i n g e r equa t ion , 
and it p o s s e s s e s wave- func t ion so lu t ions Vi^Cr) , w h e r e C, a r e the c o n s t a n t s 
of m o t i o n n e c e s s a r y to r e m o v e d e g e n e r a c y . We m a y i n t e r p r e t V a s t he 
ef fec t ive p o t e n t i a l on a s ing le p a r t i c l e due to the r e m a i n i n g p a r t i c l e s , and 
the ^ ' s a s the s i n g l e - p a r t i c l e wave func t ions . In t e r m s of the ^ ' s the 
funct ion A m a y be e x p r e s s e d as 

A(rr'cD) = 2J'{"^^'^)'^* i''^'^^) (2.20) 

(where the s u m m a t i o n ove r t, m a y ac tua l ly be an i n t e g r a t i o n ) . Equa t ion 
(2.19) b e c o m e s the c o m p l e t e n e s s r e l a t i o n 

/ 
1 ^ X ^ ( r C " ^ ) r (r'CcD) = 6 ( r - r ' ) (2.21) 

which s p e c i f i e s the n o r m a l i z a t i o n of the wave func t ions . Such a d e c o m ­
p o s i t i o n wi l l be n e c e s s a r y in the so lu t ion of the i n h o m o g e n e o u s c a s e , but 
the h o m o g e n e o u s c a s e m a y be t r e a t e d m o r e d i r e c t l y by F o u r i e r 
t r a n s f o r m a t i o n . 

To c o m p l e t e the r e p l a c e m e n t of Gj by A, we s u b s t i t u t e (2.17) into 
(2.9), ob ta in ing 

V(r,r;) =J (dr2)(dri) < r i r 2 | v | r | r 2 > - < r i r 2 | v e x | r i r ; > 
'dcu A(r2r2Co) 

27T J _^ ^+i{(B-ld)T 

(2.22) 

In the l o w - t e m p e r a t u r e l i m i t , iT -»ooand 

1 
T]_(a)-ju) w h e r e T)- (cu-M) 

1 + e .(CO-M)T {!: 
CD > M 

CD < M (2.23) 



so that (2.22) r e d u c e s to 

V(r i r ; ) = r(dr2)(dr^) [ < r i r 2 | v | r ; r 2 , > - < r i r 2 | v g ^ | r 2 r ; > ] r ^A{r',r^a>) • 

^ •^""' (2.24) 

Now the m a t r i x e l e m e n t s of v and Vg^ m a y be w r i t t e n a s 

< r i r 2 | v | r ; r ' > = 6 ( ^ - ^ ) v ( r , - r 2 , r ; - r 2 ) (2.25) 

( s i m i l a r l y for Vgx) 

In our fur ther work with the H a r t r e e a p p r o x i m a t i o n we wi l l l i m i t o u r s e l v e s 
to a local i n t e r p a r t i c l e po ten t i a l . In th i s c a s e , 

< r i r 2 | v | r ; r ^ > = 6 ( r i - r[) b (r, - r^) v ( r , - r2) (2.26) 

( s i m i l a r l y for Vg^) 

and (2.24) r e d u c e s to 

V(r i r ; ) = 6 ( r i - r ; ) j ( d r 2 ) v ( r i - r 2 ) | ; .^A(r2r2CD)l 

M 
- V g ^ ( r i - r ; ) r | f A ( r i r ; o 3 ) . (2.27) 

>'^-00 

The b r a c k e t e d t e r m m a y be ident i f ied with the d e n s i t y pir^), 
s ince th is quanti ty is 

p ( r ) = < p ( r ) > = < / ( r ) ^ ( r ) > = y Gi ( r t ; r t+) 

Subst i tu t ion of (2.17) and (2.23) gives 

(2 .28 ) 

P(r) = j - ^ A ( r r c o ) . (2.29) 

More p r e c i s e l y , th i s function is p ( i ; r ) , the dens i t y of p a r t i c l e s of a g iven 
spin and i so topic sp in . The to ta l dens i ty is 4p( r ) . Equa t ion (2.27) now 
p e r m i t s a fu r the r i n t e r p r e t a t i o n of V as the effect ive p o t e n t i a l . T h e f i r s t 
t e r m is a loca l po ten t ia l given by the convolu t ion of the i n t e r p a r t i c l e p o ­
t e n t i a l with the dens i ty ; the second is a non loca l t e r m a r i s i n g f r o m 
exchange e f fec t s . 



In addi t ion to t he p a r t i c l e d e n s i t y , we m a y ob ta in the e n e r g y d e n s i t y . 
The to t a l e n e r g y is ' : 

E = <H> 

= < - J{dr)r{i) ^f(r) + i j (dr,)(drj)(dr;)(dri)l t+{r,) /(r2)<r,r2fv|r ;r i>V'(rXr;)> 

= -i Adr)^ '™^ \f^) ° '* ' ' ' ' ••''** " 4 j (di-iXdr^XdrJjldri) <r,rj |v| r jr^) Gzlr'.trit; r,t+r;t + ) . 

(2.30) 

The u s e of (2.1) to r e m o v e G2 g ives 

,.- i 11 , \ l im . 3 V^ 

^'- -z r^-^'t'^t+L^¥" ^-i^ 
Gi( r t ; r ' t ' (2.31) 

Since th i s i s an i n t e g r a l over s p a c e , the e n e r g y dens i t y ( E / V in the homo­
geneous c a s e ) is 

e ( r ) 
i l im 

T t ' - t + 
r ' ^ r 

s v̂  
^ST^ ^ - 2 m G i ( r t ; r ' t ' ) (2 .32) 

The subs t i t u t ion of (2.17) and (2.23) r e d u c e s th i s to 

A(rr'tD) 
, , 1 rM dto l im 

^f'̂ ) = 7 / 77 r ' ^ : 
J- 00 

Z m 
(2 .33) 

Again , th i s is ac tua l ly e((^r), and the t o t a l e n e r g y dens i t y i s 4 e ( r ) . 

Our s y s t e m is now d e s c r i b e d by the s p e c t r a l function A and the 
effect ive po ten t i a l V, which a r e d e t e r m i n e d as funct ions of M by equa t ions 
(2.18) , (2.19), (2.27), and (2.10). The value of M for f ree n u c l e a r m a t t e r , 
i . e . , for z e r o p r e s s u r e , is obta ined by solving e = ji p , with p and e given 
by (2.29) and (2.33). 

I I .2 . The Homogeneous C a s e 

In the h o m o g e n e o u s c a s e , A and V depend on the d i f f e rence of the 
s p a t i a l c o o r d i n a t e s , r - r ' . T h e r e f o r e , it i s useful to i n t r o d u c e t h e i r 
s p a t i a l F o u r i e r t r a n s f o r m s : 

A( r r ' a . ) = j ^ e i p - ( ' - - r ' )A(pm) (2 .34) 

a n d 



V ( r r ' ) 
(dp) g i p - ( r - r ' ) 

( 2 ^ ) ^ 
V ( p ) 

In t e r m s of t h e s e t r a n s f o r m s , ( 2 . 1 8 ) b e c o m e s 

[-fe-H \a>- ^ - V(p) A(pm) = 0 
2 m 

( 2 . 1 9 ) b e c o m e s 

' t ^ A ( p u ^ ^ l 

(2 .35) 

(2 .36) 

(2 .37) 

•f-Mp'co) (2 .38) 

a n d (2 .27 ) b e c o m e s 

w h e r e v (p ) a n d Vex(p) a r e t h e t r a n s f o r m s of t h e i n t e r p a r t i c l e p o t e n t i a l s : 

v ( r ) = r ^ 4 e i p - ^ v ( p ) ( s i m i l a r l y f o r V g J . ( 2 . 3 9 ) 
J (2Tr)3 

N o w , ( 2 . 3 6 ) a n d (2 .37 ) h a v e t h e s o l u t i o n 

A(pa)) = 2TT6 [ c u - h ( p ) ] 

w h e r e 

h ( p ) = ^ + V(p) 

B y s u b s t i t u t i n g t h i s r e s u l t i n t o ( 2 . 3 8 ) , w e o b t a i n 

V(p) = 
(dp ' ) 
(271)3 

[v(0) - V e x ( p - p ' ) ] , 

(2 .40) 

( 2 . 4 1 ) 

( 2 .42 ) 

w h e r e P i s t h e r e g i o n of m o m e n t u m s p a c e w h e r e M - h ( p ) > 0 , i . e . , t h e 

F e r m i r e g i o n . It i s s i m p l e s t t o a s s u m e t h a t F i s a s p h e r e , a n d w e w i l l 

f i n d t h a t t h i s a s s u m p t i o n l e a d s t o c o n s i s t e n t s o l u t i o n s . L e t pf b e t h e 

r a d i u s of t h i s s p h e r e , i . e . , t h e F e r m i m o m e n t u m . T h e n , ( 2 . 4 2 ) b e c o m e s 

v(0)pj 
( d p ' ) , ,, 
( 2 ^ 3 V e x ( p - P ' ) (2.43) 

IP'I < Pf 



The value of p£ is determined by the relation ji - h(p) = 0 on the surface 
of r, i .e. . 

Pf Pf v(0)pj 
(dp') 

^ = (̂Pf) = i ^ ' (̂Pf) - i ; ; ; ' - ^ - S ^ex(Pf-p') 

At this point we may infer the conditions which are necessary to 
give saturation in the Har t ree-Fock approximation. Saturation will occur 
only if the limit of M. as p —oo or equivalently as p -« oô  is larger or equal 
to zero . From (2.44) we can see that this will occur if and only if 

= / v(p = 0) = (dr) v(r) =: 0 , (2.45) 

i .e. , the nonexchange portion of the interparticle potential must be repulsive. 
Of course, in order for the system to be bound at all, the exchange portion of 
the potential must be sufficiently attractive to compensate for this repulsion 
and give a negative value to fi at the saturation density. Our choice of signs 

We see here that the Har t ree-Fock approximation cannot account 
for saturation by means of a repulsive core, but must rely upon an exchange 
effect. Except for the exchange t e rm, the effective potential depends only 
on a single character is t ic of the interparticle potential, the integral J (dr) 
v(r), so that if the exchange te rm were neglible, we would face the dilemma 
that this quantity should be negative to give binding but positive to give 
saturation. 

The actual value of M for free nuclear matter is determined by the 
requirement that the p ressu re be zero, which leads to the relation e = ji p. 
To obtain expressions for the particle and energy densities p and e, we use 
(2.34), (2.35), and (2.40) to rewrite (2.29) as 

- 7 . (2.46) 
6Tr 

and (2.33) a s 



^ = T 
| p | < P f 

(dp ) 

(27T)^ 
^ ( p ) + 2^;^ 

207T2m 2 
|Pl<Pf 

(dp) 

(271)^ 
V(p) 

5 
Pf 

207T^m 
+ i 

(dp) 

Jlpl<pf 

^ (dp') r 

L / | P ' | < P f 

. ( p - p - ) 

(2 .47) 

S u b s t i t u t i n g ( 2 . 4 6 ) a n d ( 2 . 4 7 ) i n t o e = MP . w e o b t a i n 

P? Pf 1 Pf 1 /> ( ' i p ' /^ ( ' i p ' ) , ,, 

jlpl<pf Jlp'l<pf ( 2 . 4 8 ) 

e q u a t i o n s (2 .44) a n d ( 2 . 4 8 ) a r e s i m u l t a n e o u s e q u a t i o n s d e t e r m i n i n g M a n d 

P£. O n c e p^ h a s b e e n d e t e r m i n e d , t h e e f f e c t i v e p o t e n t i a l i s g i v e n b y ( 2 . 4 3 ) , 

a n d t h e f u n c t i o n A b y ( 2 . 4 0 ) a n d ( 2 . 4 1 ) . 

T h e s o l u t i o n of t h e s e e q u a t i o n s h a s b e e n c a r r i e d o u t f o r a c a s e 

w h e r e v a n d v a r e G a u s s i a n p o t e n t i a l s w i t h t h e s a m e r a n g e : 

v ( r ) 

V e x ( r ) 

v(p) 

^ e x ( p ) . 

.3/2 r ^ 
4 a ' (2 .49) 

T h e c h o i c e of G a u s s i a n f u n c t i o n s w a s m a d e i n o r d e r t o s i m p l i f y c e r t a i n 
i n t e g r a t i o n s a p p e a r i n g i n t h e i n h o m o g e n e o u s c a s e . In a n y e v e n t , o n e 
w o u l d n o t e x p e c t t h e r e s u l t t o b e v e r y s e n s i t i v e t o t h e c h o i c e of p o t e n t i a l 
s h a p e . 

U s i n g ( 2 . 4 4 ) , ( 2 . 4 8 ) , a n d ( 2 . 4 9 ) , w e o b t a i n a n e q u a t i o n f o r t h e 
v a r i a b l e u - p . / a , 

3 0 m 

X 

rz f ^ l - e - ^ l u ^ - L u ^ e - ^ . ( 2 . 5 0 ) 

T h e v a l u e of t h e c h e m i c a l p o t e n t i a l i s d e t e r m i n e d b y 

Pf \\i^ >^ex , „z ^ e x 
' ' = 2 ; ^ " 7 7 = " ~ 7 ^ fi - e-*^ + ^ e r f ( u ) ( 2 . 5 1 ) 



where 
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2 r 2 
erf(u) = ( e"* dt (2.52) 

is the conventional definition of the e r r o r function. Finally, equation (2.43) 
for the effective potential becomes 

V(p) 
T 3 / 2 Pf a 
,3 ^ 7 1 ^ - ^ p ^ e x 

P f - p \ 
e- N ^ ^ / 

Pf+ P 
2a 

+ - X„ 
, Pf,+ P , , Pf - P' erf —t- + erf 

2a 2a 
(2.53) 

The pa ramete r s \, Xĝ ^ and a appearing in (2.49) may be determined 
by fitting the interpart icle potentials to low-energy two-nucleon scattering 
data and the ground state of the deuteron. Feshbach and Loman(") give the 
following values for the scattering length and effective range for tr iplet 
and singlet scattering: 

5.39 ± 0.03 fermis 

1.703 + 0.03 fermis 

-23.7 + 0.1 fermis 

2.7 ± 0.5 fermis (2.54) 

Blatt and Jackson(7) have computed a set of formulas and graphs for 
fitting the depth and range of various potential functions to values of a 
and r . Normally, the quantities in (2.54) would determine four independent 
pa rame te r s , the depth and range of the triplet and singlet potentials. 
However, the experimental deviation of r^ is sufficiently great that it is 
possible to set the triplet and singlet potential ranges equal and still fit 
the data in (2.54) to within the stated accuracy. When this simplifying 
assumption is made, the application of Blatt and Jackson's fitting p ro ­
cedure, using a Gaussian potential, gives 

where 

VjP' + Vg P^ = - [XjP' + XgP®] e-a}r^ (2.55) 

a = 0.669 fe rmi" ' 

Xt = 70.67 Mev ; 

X_ = 46.29 Mev (2.56) 



and P ' and P^ a r e the p r o j e c t i o n o p e r a t o r s for the t r i p l e t and s i ng l e t sp in 
s t a t e s : 

p t = 1 (1 +ptJ) 
2 4 1 (2 .57) 

The i n t e r p a r t i c l e po ten t ia l i s s t i l l not c o m p l e t e l y d e t e r m i n e d , 
however . The da ta in (2.54) d e s c r i b e S-wave s c a t t e r i n g , and t h e r e f o r e 
will s t i l l be fitted c o r r e c t l y if (2.55) i s m u l t i p l e d by the s p a c e - e x c h a n g e 
o p e r a t o r Pex- More g e n e r a l l y , we can r e p l a c e (2.55) by 

V = [v^pt + v ^ p s ] [ l - T i + r ]Pg^] (2.58) 

where r) is an a r b i t r a r y cons t an t . Thus , we have the opt ion of spec i fy ing 
an a r b i t r a r y a d m i x t u r e of s p a c e exchange in t he i n t e r p a r t i c l e p o t e n t i a l . 

For F e r m i - D i r a c s t a t i s t i c s , the t h r e e exchange o p e r a t o r s s a t i s fy 
P - -V'^'P^. The subs t i tu t ion of th i s r e l a t i o n and (2.57) into (2.58) g i v e s 

'^ [ Vt +Vs _!_ vt - Vs ^ g 
1 -T] -r jP '^p'^ (2 .59) 

The sp in-exchange o p e r a t o r s a t i s f i e s P^J^ = 1. If we u s e t h i s r e l a t i o n tc 
expand (2.59) and c o m p a r e the r e s u l t with (2.7) and (2.10) , we ob ta in 

9 
^^t + ^s - - j ^ v t 1 

T'^^s 

' e x = 7 " t - 2 9 1 
i Ovt - -ir^Vs 

(2 .60) 

where both Vj. and Vg a r e a t t r a c t i v e . 

Now our choice of T) is r e s t r i c t e d by the r e q u i r e m e n t that v ^ 0 
in o r d e r to give s a tu ra t i on . This l eads to 

'^ ^ ' l o 
6vf + 2v-

9vt + Vs 

By subst i tu t ing the va lues of (2.56), we obtain r|o = 0.757. 

(2.61) 

Two va lues of r, a r e of spec ia l i n t e r e s t : (i) n =r) p, which g ives the 
m i n i m u m amount of space exchange n e c e s s a r y to p r o d u c e s a t u r a t i o • H 
(ii)r, = 1, which gives a pure space-exchange po ten t i a l . F o r t h e s e c ' ' ' 
the p a r a m e t e r s in (2.49) a r e 

Case (i): 

\ = 0 

Xgx = -175.44 Mev 

a = 0.669 f e r m i " ' 

Case (ii): 

X = -82.86 Mev 

Xex = -258.30 Mev 

a - 0.669 f e r m i " ' 
(2.62) 
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The remaining parameter in our equations is the m a s s . We have 
been using a system of units in which It = I, and have chosen our inde­
pendent units as Mev's and fermis . In this system the average nucleon 
mass is m = 0.0241141 ± 0.0000017 Mev"' fermi"^, or l /2m = 20.7347 ± 
0.0015 Mev-fermi^. 

Equation (2.50) was solved numerically to give the Fe rmi momentum 
for the two cases in (2.62). This equation has two roots: 

Case (i) 

Pf ' 

Case (ii): 

0.34268 f"' r 0.38833 f 

1.2226 f"' ^ I 0.65662 f"' 

The corresponding values of fi, given by (2.51), are 

Case (ii): Case (i) 

M = 
0.4349 Mev 

-3.6284 Mev 

0.4866 Mev 

0.2982 Mev 

(2.63) 

(2.64) 

In both cases the first root gives a positive value for the binding energy 
E / N = M. and this solution can be considered nonphysical. In case (ii), 
however, even the second root gives a positive binding energy. We must 
assume, therefore, that a pure exchange force cannot yield a bound sys­
tem (at least in the Hartree approximation), and that only a limited range 
of the parameter r) leads to a physically acceptable result . 

Fortunately, the second root in case (i) yields a bound system. 
For this case, the effective potential was calculated from (2.53), which 
gave the resul ts tabulated in Table I and shown in Figure 1. One further 
quantity of interest is the density; equation (2.29) gives p = 0.03087 f"̂  
(which must be multiplied by a degeneracy factor of four), which c o r r e ­
sponds to an interpart icle spacing constant of rp = [3/(l67rp) ]' = 1.25 fermi. 
The important resul ts of the calculation are summarized in Table II. 

Table I. EFFECTIVE POTENTIAL FOR HOMOGENEOUS 
NUCLEAR MATTER IN THE HARTREE-FOCK 
APPROXIM AT ION 

P {r') 
0 
0.25 
0.50 
0.75 
1.00 

V(p) (Mev) 

-62 .53 
-61 .02 
-56 .70 
- 5 0 . 1 4 
-42 .17 

p ( f - ' ) 

1.25 
1.50 
1.75 
2.00 

V(p) (Mev) 

-33 .70 
-25 .55 
-18 .37 
-12 .50 
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Fig. 1. Effective Potential V(p), as a function of p. 
for homogeneous nuclear matter in the 
Haruee-Fock approximation, using the exact 
and effective-mass solutions. 

A c o m p a r i s o n of the c a l ­
cu la t ed value of - 3 . 6 3 Mev with the 
o b s e r v e d binding e n e r g y p e r p a r ­
t i c l e of -15 .75 Mev, ob ta ined f r o m 
fi t t ing n u c l e a r m a s s e s ( 8 ) b e a r s out 
our p e s s i m i s t i c a s s u m p t i o n s about 
the a p p l i c a b i l i t y of the H a r t r e e -
F o c k a p p r o x i m a t i o n . On the o t h e r 
hand , the c a l c u l a t e d va lue rp = 
1.25 f e r m i is in r e a s o n a b l e a g r e e ­
m e n t with the v a l u e s rp = 1.1 to 
1.2 f e r m i ob ta ined f rom h i g h -
e n e r g y e l e c t r o n s c a t t e r i n g 
da ta , (9 .10) a l though it is diff icult 
to infer the d e n s i t y of n u c l e a r 
m a t t e r f rom finite n u c l e i b e c a u s e 
of Coulomb r e p u l s i o n e f f ec t s . 
Although one could p e r h a p s i m ­
prove t h e s e r e s u l t s s l igh t ly by 
t i nke r ing with the i n t e r p a r t i c l e -
po ten t ia l s h a p e , it s e e m s r e a s o n ­
able to conc lude tha t e x c h a n g e -
effect s a t u r a t i o n wi l l not give a 
sufficiently l a r g e (negat ive) 
binding e n e r g y . If a r e p u l s i v e -
co re s a t u r a t i o n m e c h a n i s m i s 
used , however , H a r t r e e - F o c k 
theory is i napp l i cab l e , and we 

m u s t include c o r r e l a t i o n effects in the approx imat ion as in C h a p t e r s IV 
and V. 

Table II. PARAMETERS OF HOMOGENEOUS NUCLEAR M A T T E R 
IN THE HARTREE-FOCK APPROXIMATION FOR THE 
EXACT AND EFFECTIVE-MASS SOLUTIONS 

F e r m i m o m e n t u m p j , (f ) 
Chemica l potent ia l M- (Mev) 
Densi ty p^ , (f"^) 
I n t e r p a r t i c l e spacing TQ, (f) 
Ene rgy dens i ty c^, (Mev-f" ' ) 
Ene rgy per p a r t i c l e e / p , (Mev) 
V„, (Mev) 
V2, (Mev-f^) 

Exact 

1.2226 
-3.628 

0.03087 
1.25 

-0.1120 
-3.628 

Eff. M a s s 

1.2226 
-3 .984 

0.03087 
1.25 

-0.1230 
-3.984 

-60.437 
17.029 

J 
a T h e s e quant i t ies m u s t be mul t ip l ied by a d e g e n e r a c y factor of 4. 



II.3. The Effective-mass Approximation 

In treating the inhomogeneous case it will be necessary to use an 
effective-mass approximation. In this approximation the effective potential 
is approximated by an even quadratic function of momentum. This allows 
the Schroedinger equation for the one-part icle wave functions to be t r a n s ­
formed into a local Schroedinger equation with a modified, spatially de­
pendent mass t e rm. In this section we investigate the equivalent 
approximation in the homogeneous case . 

We approximate the effective potential by the function 

' a p (p) = Vp + V2p' (2.65) 

To determine the quantities Vp and V2, we fit V^ (p) to V(p) by the c r i t e r ia 
of least squares; Vp and V2 are chosen to minimize 

4= /(dp)W(p)[Vap(p) - V(p)f (2.66) 

The weight function W(p) must be chosen to give a good fit in the region of 
momentum up to pf, but it must go to zero rapidly for larger momenta, 
since the quadratic function V^ will diverge sharply from V beyond p . A 
suitable choice is the Gaussian function 

z 
W(p) 

2 / 2 

"P / p (2.67) 

To determine Vp and V2 we substitute (2.65) and (2.67) into (2.66), 
and then minimize ^ by setting its derivatives with respect to Vp and Vj 
equal to zero. This gives two simultaneous linear equations for Vp and Vj, 
which have the solution 

1 
7T3/Z 

(dp) e 

P 

P' 5 1 
[2 /33 

P ' 

/3 = J 
V(p) 

7r3/z j (dp) 
1 2 £ 

3 p7 
V(p) (2.68) 

where V(p) is given by (2.43) in general , and by (2.53) for the part icular 
choice of interpart icle potentials used in the last section. The substitution 
of (2.53) leads to 



Vo 
-Xpf 2 \ x P £ 

i>o?/^ V A T V ^ (4a2 + p2)^ 

4 -"^ex Pf 
5/2 

Pf 

(2 .69) 

v4r(4'^' + P')' 

To ca r ry out the effect ive-mass approximation, we s imply rep lace 

V(p) by the function V,p(p) defined by (2.65). Thus, (2.44) is rep laced by 

M = Vo + [^^'h) Pf 
(2 .70) 

(2.47) becomes 

1 
207r2m Pf - ^ Vpn? + T ^ V , " ^ 

127T' ^°Pf + 1 ^ ^^Pf 
(2.71) 

and MP - £ becomes 

1 3 _ 
MTZlPf -

1 

6 7 T ' ZOTT m 
+ r V„pf + j ^ ^ \\-i>\ 

IZ-n' 207T^ 
(2.72) 

By substituting (2.70) into (2.72) we may eliminate fl and obtain 

2 7 
5m 5 ^ 

2 
Pf 

(2 .73) 

For a part icular value of the weight pa ramete r /3 , the quanti t ies 
Vp, V2, and Pf are determined by the simultaneous equations (2.69) and 
(2.73), and u is then given by (2.70). However, since we have a l ready ob­
tained the exact solution, it is more useful to approach the problem in 
r e v e r s e . We may set p equal to its value in the exact case and use (2.69) 
and (2.73) to determine Vp, V2, and /3. This procedure is justified by the 
fact that V (p) will be a l eas t - squares fit to the exact solution for V(p) 
only if Pf is the same in the exact and the effect ive-mass solutions. The 
resulting value of (3 is 0.6402 f 

This computation was ca r r i ed out numerical ly with the same data 

as in the previous section. The resul ts a re summar ized in Table II, and 

the function V^ (p) is shown in Figure 1 for comparison with the exact 

V(p). 



C H A P T E R III 

THE H A R T R E E - F O C K A P P R O X I M A T I O N 
IN THE INHOMOGENEOUS CASE 

I I I . I . - The T h o m a s - F e r m i A p p r o x i m a t i o n 

Having d e r i v e d the so lu t ion of the h o m o g e n e o u s c a s e in the H a r t r e e -
F o c k a p p r o x i m a t i o n , we now i n v e s t i g a t e the i n h o m o g e n e o u s c a s e . In th i s 
s ec t i on we d e s c r i b e b r i e f l y an a p p r o x i m a t i o n , ana logous to the T h o m a s -
F e r m i m o d e l in a t o m i c p h y s i c s , which m a y be so lved by the F o u r i e r -
t r a n s f o r m m e t h o d s u s e d in the p r e v i o u s c h a p t e r . Unfor tuna te ly , it wil l 
a p p e a r tha t t h i s a p p r o x i m a t i o n is i napp l i cab le to n u c l e a r m a t t e r , at l e a s t 
in the H a r t r e e - F o c k c a s e , b e c a u s e of the e x t r e m e exchange n a t u r e of the 
f o r c e s . 

The d e r i v a t i o n in Sec t ion II. 1 app l i e s to both the h o m o g e n e o u s and 
i nhomogeneous c a s e s . The va lue of ji is t aken f r o m the h o m o g e n e o u s c a l ­
cu la t ion , and A and V a r e d e t e r m i n e d by the s i m u l t a n e o u s i n t e g r a l e q u a ­
t i ons (2.18) and (2.2 7), a long wi th the n o r m a l i z a t i o n condi t ion (2. 19) and the 
i n t e r p a r t i c l e - p o t e n t i a l f o r m u l a s (2.10). H o w e v e r , the r e s t r i c t i o n of spa t i a l 
h o m o g e n e i t y is now r e p l a c e d by the condi t ion that the loca l p r o p e r t i e s of 
the s y s t e m a r e funct ions of one r e c t i l i n e a r c o o r d i n a t e ( taken to be the Z -
a x i s ) , which a p p r o a c h t h e i r v a l u e s for a v a c u u m in one d i r e c t i o n and t h e i r 
v a l u e s for h o m o g e n e o u s m a t t e r in the o t h e r . M a t h e m a t i c a l l y , A and V 
b e c o m e funct ions of the a v e r a g e spa t i a l c o o r d i n a t e . j (z + z') as wel l a s the 
d i f fe rence r - r ' , and they sa t i s fy the bounda ry cond i t ions 

A , V 

z + z' 
zT 

z + z' 
' ^ ' ^ h o m o g e n e o u s > J — + <» . (3.1) 

It i s useful to i n t r o d u c e the conven t ion of denot ing s u m and d i f fe r ­
ence c o o r d i n a t e s by s q u a r e b r a c k e t s : 

F [ R , r ] = F ( R + I , R - I ) ; F ( r „ r2) = ^ [ ^ ^ ^ • ^i " ^z] • (3.2) 

T h u s , (2.18) m a y be r e w r i t t e n a s 

\^^ I^ ( T ^ R + ^ R • ^r + < ) ] A[Rr<,.] - j ( d r ' ) v [ R + ^ , r - r'] A [R - ^^^1-' , r ' , a.] = 0 . 

(3 .3) 
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and (2.27) as 

V[Rr] = 6(r) r(dR')v(R-R') r f^ A[R' 0 co] - Vgx(r) T ^ A[R r 03] . 

J ^ - CO 1 / - CO 

(3 .4) 

In the Thomas-Fermi approximation we assume that A and V are 

slowly varying functions of the sum coordinate R. Then we may approxi­

mate (3.3) by dropping the derivatives with respect to this coordinate and 

setting all sum coordinates equal to R: 

03 + ^ j A[Rr to] - Adr') V[R, r - r ' ] A[R r' Oj] S 0 , (3.5) 

This is an integrodifferential equation in the difference coordinates only. 

If we introduce the Fourier transforms in these coordinates, 

A[Rro3] = \ ^ e'P-' A(Rp03) (3.6) 
J (27r)̂  

and 

"f"̂ ^̂  / ( ^ ^ " - ^ - ' ^ P ' ' ( - ) 

then A(R p uj) is determined by the correctly normalized solution of the 
transform of (3.5): 

A(Rpaj) = 27r 6(a.-h(Rp)) , 3̂ g, 

where 

h(Rp) = (pV2m) + V(Rp) . ^^ 

The transformation of (3.4) in the difference coordinates yields 

V(Rp)^/(dR')v(R-R')£g J J g ) ,(,,^,^, 

j ( T ^ "^- (P-P ' / T F A(Ri 
•^ ~ CO 

• P ""> ' (3.10) 

where v^Jp) is given by (2.39). As in the infinite case th» K • 
(3.8) reduces (3.10) to ' ' ^ ^ ^^bstitution of 



v(Rp) = r(dR.)v(R-R')r m^-f iMvg,(p-p') , 
J Jr(R') (2^) Jr{R) (^^) 

(3.11) 

where r(R) is the region of momentum space where M " h(R p) > 0. 

Our system is restricted to a one-dimensional spatial dependence, 
i.e., h(Rp), V(Rp), and r(R) are independent of X and Y. If we define 

v(Z) = / dXdY v(R) . (3.12) 

then (3.11) reduces to 

V(Zp)= fdZ 'WZ-Z ' ) r m - r , ^ v g , ( p - p ' ) .(3.13) 
J Jr{Z') (2Tr)' J r(Z) (27T)' 

We now let Pf(Z) be some point on the surface of r(Z). This gives the re­
lation M - h(R, pf(Z)), and by substituting (3.9) and (3.13) we may obtain 

^^"^^ f-^'-^^-^'^f r^.-f ^vg.(p,(z)-p') . 

(There is a restriction on this equation. It cannot be assumed a priori 
that the density goes to zero asymptotically as z -• - oo; instead, there may 
be regions of the Z-axis for which the density is exactly zero in this ap­
proximation. In these regions r(Z) will be empty and Pf(Z) will not be 
defined. Equation (3.14) applies, however, to all regions where the density 
is nonzero.) 

At this point the shortcomings of the Thomas-Fermi approxima­
tion are fairly apparent. Equation (3.14) must be used to relate quantities 
at different points along the Z-axis, but such a relationship occurs only 
through the second term on the right-hand side, which is proportional to 
the nonexchange interparticle potential. Since this part of the potential 
must be small and repulsive to give saturation, poor or even inconsistent 
results can be expected. 

Actually, a repulsive nonexchange potential leads to an inconsist­
ency. For a reasonably smooth potential this restriction on the nonex­
change potential implies that v(Z) is everywhere non-negative. Then the 
first two terms of the right-hand side of (3.14) are positive, and we have 

f 7 ^ V e x ( P f ( Z ) - p ' ) > -M • (3.15) 

Jr(z) (2 )̂ 



Since -M is pos i t i ve , th i s equa t ion p l a c e s a l o w e r l i m i t on the m a g n i t u d e of 
the i n t eg ra l , and thus a lower l i m i t on the v o l u m e of i n t e g r a t i o n . But t h i s 
volume is p ropor t i ona l to the dens i ty p ( Z ) , so tha t (3.14) h a s no so lu t i ons 
for which p(Z) goes con t inuous ly to z e r o as Z — - ro, as r e q u i r e d by the 
spa t ia l boundary condi t ions (3.1). 

This fa i lure gives a c e r t a i n amount of nega t i ve i n f o r m a t i o n by c a s t ­
ing doubt on the or ig ina l a s s u m p t i o n tha t A and V a r e s lowly v a r y i n g func­
t ions of Z. Actual ly , the n u c l e a r su r f ace in the H a r t r e e a p p r o x i m a t i o n c a n 
be a s s u m e d to be quite s h a r p (as it i s e x p e r i m e n t a l l y ) , wi th a t h i c k n e s s of 
the o r d e r of magni tude of the F e r m i wave leng th . 

111.2. - The Wave-funct ion Expans ion Method 

We now tu rn to the poss ib i l i ty of solving the i n h o m o g e n e o u s c a s e 
by expanding A into a set of o n e - p a r t i c l e wave func t ions , a s in (2.20) and 
(2.21). The f i r s t s tep is the c o n v e r s i o n of (2.18) into a d i f f e ren t i a l e q u a ­
t ion for the wave functions and the d e r i v a t i o n of the n o r m a l i z a t i o n c o n d i t i o n s . 

Now, in Chapte r IV we a r e going to need an ana logous d e r i v a t i o n 
for an equat ion s i m i l a r to (2.18) but with an e n e r g y - d e p e n d e n t ef fect ive 
potent ia l V(r r ' a3) . [This is equat ion (4.49).] B e c a u s e of th i s we wi l l gen ­
e r a l i z e the p r e s e n t de r iva t ion s l ight ly to m a k e the po ten t i a l dependen t 
upon energy , and then reduce our final equa t ions to the e n e r g y - i n d e p e n d e n t 
c a s e . 

Thus , (2.18) may be wr i t t en in the (gene ra l i zed ) fo rm(5) 

2 m A(r r ' a ) - / (dr") V r - — , r , 03 A(r - r " , r ' , O)) = 0 . (3.16) 

By defining an a s y m m e t r i c F o u r i e r t r a n s f o r m of V 

R - - , r , a> 
(dp) 

(2 7T)̂  
= ' P ' '• V(Rpa)) (3.17) 

e m a y r e w r i t e (3.16) as 

V 
03 + T— ) A(r r 'ai) 

2m ' 
(^P) v / ^ 

-—"3 V(rpa3) 
{Z-ny 

J ( d r " ) e i p - r " A ( r - r " , r ' , 0 3 ) = 0 . 

(3.18) 

In the b r a c k e t e d quanti ty , A(r - r", r', 03) m a y be expanded in a T a y l o r s e r i e 
about A(r , r', a;.), and the power s of r" wr i t t en as d e r i v a t i v e s of the exponen^ 
t ia l . This gives 

/ ( d r - ) eiP- r A(r- (dr") e'P'"" A(rr'a)) (3.19) 



When th i s i s s u b s t i t u t e d into (3.18), the d e r i v a t i v e s wi th r e s p e c t 
to p m a y be t r a n s f e r r e d to ac t on V(rpa3) by i n t e g r a t i n g by p a r t s . The 
r " - i n t e g r a t i o n then a c t s only on the exponen t i a l , which r e d u c e s to 6 (p) and 
u n d o e s the m o m e n t u m i n t e g r a t i o n . The r e s u l t i s 

[^,g]A(rr'a.)- J ^ V p - V , ^ V( r" pU3) A(r r 'cu) 
(3 .20) 

p=o 
r"=r 

The s u m is ju s t a T a y l o r e x p a n s i o n of V(r" p cu) with the p o w e r s of p r e ­
p l aced by p o w e r s of l / i Vj.. Th i s is f o r m a l l y equiva len t to 

2 m 
A(r r'cjj) - V r , - V^,ix,) A(r r ' U3) = 0 (3.21) 

with the u n d e r s t a n d i n g that the d e r i v a t i v e s act only on A r a t h e r than V 
i tself . 

The a s y m m e t r i c t r a n s f o r m V is r e l a t e d to the s y m m e t r i c t r a n s ­
f o r m defined by (3.7). The subs t i t u t ion of (3.7) into the i n v e r s e of (3.17) 
g ives 

V(Rp oj) (dr) (dp') 
(27T)^ 

- i ( p - p ' ) • r 

• ( - § P , 03 (3.22) 

As b e f o r e , VIR - y , p\ 03 1 m a y be expanded in a Tay lo r s e r i e s about 

V{R, p', co), and the p o w e r s of r r e p l a c e d by d e r i v a t i v e s of the exponen t i a l . 
The r - i n t e g r a t i o n then y i e ld s a de l ta function, and (3.22) r e d u c e s to 

V(Rpa)) 
2-j n . Ti ^P-^R V(Rpa)) (3.23) 

B e c a u s e of the o n e - d i m e n s i o n a l spa t i a l v a r i a t i o n , V(Rp'j3) is i nde ­
pendent of X and Y, and A(r r ' co) depends on t h e s e c o o r d i n a t e s only 
t h rough t h e i r d i f f e r ences x - x' and y - y' • T h u s , it is useful to i n t r o d u c e 
a t w o - d i m e n s i o n a l F o u r i e r t r a n s f o r m 

A ( r r ' 0 3 ) = f - ^ P x ' ^ P y g ^ P x ( x - x ' ) . i p y ( y - y ' ) X ^ ^ y ^ 
J (27T) ^ 2 m 

(3.24) 

vhich a l lows (3.21) to be r e w r i t t e n as 



r 1 s n -/ 1 a Px+Py) , (3 .25) 

F u r t h e r m o r e , b e c a u s e our s y s t e m is i n v a r i a n t u n d e r r o t a t i o n s in the 
X,Y-p lane , A and V depend on px and py only t h r o u g h the m a g n i t u d e 

Pr = y P i + Py • (3-26) 

The one -d imens iona l wave equat ion c o r r e s p o n d i n g to (3.25) i s 

1 S^ - / 1 S ^ Pr 
03 + -— —— - V \ z , p j . , — 3 - , uy + -— 

2m >,7^ \ 1 oz 2m 
^ (z p j . 03) = 0 (3.27) 

Cons ider the l imi t s of V as z -* :t oo. Since V a p p r o a c h e s a c o n s t a n t va lue 
in both l i m i t s , all t e r m s in (3.23) except the f i r s t v a n i s h . T h u s , (3.1) g ives 

( 1 3 "'A V ( z , p 

" h o m o g e n e o u s y P r ' ^ 3z ' ' " ^ 2rr 

(3.28) 

As z -<• + c», the wave function has the l imi t 

^ ( z p r 03) -c sin [kz + r)(k)] (3 .29) 

where k sa t i s f ies 

'^' 1^ ' ^hom I Jpi + k' , 03 + 2 m 

which m a y be wr i t t en as 

03 + 2-^ = ^ ( ^ ^ ^ ^ 

vhere h(p) is the solut ion of 

(3 .30) 

(3.31) 

'"'P^ = Z^ + Vhom (P.h(p)) . 

[We note that in the H a r t r e e e a s e , whe re V i s e 
r e d u c e s to (2.41). 1 

(3.32) 

n e r g y independen t , t h i s 



Now k = 0 when 03 = Vjjeim(Pr > h ( p r ) ) . so tha t (3.27) wi l l have a 
so lu t ion only when 03 > Vj^Qm(Pr > ^(Pr)) - ( ^ ^ a s s u m e tha t V is s m o o t h 
enough that no bound s t a t e s o c c u r . ) In add i t ion , s ince V -* 0 as z -» - <», 
t h e r e wil l be a s econd independen t so lu t ion when 03 > 0. Thus the wave -
funct ion d e c o m p o s i t i o n of A is 
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A ( P J Z Z ' C D ) = •< 1// ( z P r CD) * * ( z ' P r m) 

[il 1 (z p , CD) V* (^ ' P r CD) + *E (z P r m) I t* ( « ' P r CD) 

CD < V h o m ( P r ' h ( P r ) ) 

V h o m ( P r . h ( P i - ) ) < i" < <> 

CD > 0 

(3.33) 

We wil l need to find the wave funct ions only in the m i d d l e r e g i o n 
^ h o m (Pr -^ (P r ) ) < 03 < 0, and wil l l i m i t our a t t en t ion to th i s r e g i o n . 

To d e t e r m i n e the n o r m a l i z a t i o n cond i t ions we u s e (3.1) to connec t 
the l i m i t of A as z , z ' ->• + ro with the function A which was ob ta ined in the 
h o m o g e n e o u s c a s e . We a s s u m e tha t the h o m o g e n e o u s A is 

A-hom(PO^) = T̂T p(p) 6 ( 0 3 - h(p)) (3.34) 

w h e r e 

p(p) 1 - ^ V h o m ( p . h ( p ) ) 
OO) 

(3.35) 

[In the H a r t r e e a p p r o x i m a t i o n p(p) = 1, and (3.34) r e d u c e s to (2 .40) . ] 
App l i ca t i on of (2.34) and (3.24) g ives the t w o - d i m e n s i o n a l t r a n s f o r m 

A h o m ( P r 2 2'"i) ^ / d p . e - < ^ - ^ ' ' p ( p ) 6 L . ^ - h ( p ) 
P=yPr+Pz 

(3.36) 

F r o m (3.32) we m a y ob ta in the d e r i v a t i v e 

d 
d p 

h(p) = p(p) i^+ a l Vhom(p,h(p)) 

which r e d u c e s (3.36) to 

A-hom(Pr z z ' 03) -• 
ik (z - z ' ) - ik (z - z ' 

; + e ^ 

^•^[li +I7^Vhom(p.h(p)) 

(3.37) 

cos k (z - z ' 
• 1 I a 
2^;: + 2 7 S^ ^ h o m (P.h(p)) 

(3.38) 



vhere k is d e t e r m i n e d by (3.30) or equ iva l en t l y (3.31) and (3.32). 

On the other hand, the subs t i t u t i on of (3.29) into (3.33) y i e l d s 

A(pj. z z' 03) 
|c | {cos k ( z - z ') - cos [k(z + z ' ) + 2T)(k)]} . (3.39) 

The second cosine t e r m may be neg l ec t ed , s ince it b e c o m e s r a p i d l y o s c i l ­
lating for l a r g e z and z ' , and will van i sh in any i n t e g r a t i o n over k. C o m ­
pa r i son of the r e m a i n d e r of (3.39) with (3.38) e s t a b l i s h e s the n o r m a l i z a t i o n 

k ^— + 7 - ^ Vhom(p .h (p) ) 2m 2D OD J 

1/z 
3.40) 

.2m 2p Sp 

where the phase has been chosen to yie ld r e a l wave func t ions . 

Even for n u m e r i c a l ca lcu la t ion , (3.27) will be r e a s o n a b l y t r a c t a b l e 
only if the effective potent ial has a s imple m o m e n t u m d e p e n d e n c e . T h e r e ­
fore , in the following de r iva t ions we use a g e n e r a l i z e d e f f e c t i v e - m a s s 
approx imat ion s i m i l a r to that in Section I I .3 , in which th i s dependence i s 
a s s u m e d to be even and quad ra t i c . However , V cannot be a s s u m e d 
a p r i o r i to be independent of the d i r ec t ion of p, but only of the o r i e n t a ­
t ion in the Pj j ,p„-plane. We mus t use the fo rm 

V(z p cu) = V„(z 03) + Vj_ (z 03) p̂ ^ + V|| (z 03) PI 

where u) = tJi + (p^ /2m) . Equat ion (3.23) then g ives 

V(zp~>) = Vo(z[;r) + Vj_(zZB) p̂ ^ 

3.41 

1 d' - , 1 d 
4 ^ V||(Z03) + - - V ( z c o ) p , + V (Z03)p | (3 .42) 

By subst i tu t ing this into (3.27) we obtain 

1 \ S 
'̂ -) + 7 ; ; 7 h r r V'(zpr03) 2m dz 

-03 + Vp(z co) + V (zo3) p i dl 
4 dz^ 

v., (z-) ?>(zpj. 03) (3 .43) 

This IS a local Schroedinger equat ion m which the m a s s h a s b e e n r e p l a c e d 
by a spa t ia l ly dependent function. To r e m o v e th i s dependence we m a k e the 
subs t i tu t ion 



^(zPrU3) = ^||(^^) + 2l^ b(z Py 03) 

vhich r e d u c e s (3.43) to 

(3.44) 

— - 'J(zpj. 03) 
0 2 

TT Vn(zc^) 
-03 + Vp(z03) + Vj_(z.x) Pr I d / dz 

V | | ( z ^ ) + T ^ "* "̂ ^ \ V|| (z.:^) + -— 
2 m 2r 

. 0 (zprO3) . (3.45) 

In e s t a b l i s h i n g the n o r m a l i z a t i o n we m u s t u s e the h o m o g e n e o u s 
effect ive po ten t i a l of Sec t ion II. 3, which was d e r i v e d us ing the ef fec t ive-
m a s s a p p r o x i m a t i o n . With our g e n e r a l i z e d e n e r g y dependence th i s h a s 
the f o r m 

Vhom(p 03) = Vphom(o3) + V^hom(o3) p^ 

T h e r e f o r e , in the l i m i t z -* + ro ̂  

Vp (zIE) - Vphom( '^ ) 

Vj_(zS) - V^hom( '^ ) 

V| |(z55) - y.horn^"^^ • 

The subs t i t u t i on of (3.46) into (3.40) g ives 

(3.46) 

k [V2hom(-) + t] 

(3.47) 

(3.48) 

If we subs t i t u t e th i s into (3.29) and c o m p a r e the r e s u l t with (3.44) , we o b ­
ta in the n o r m a l i z a t i o n condi t ion 

0 ( z p r 03) / 2 / k sin [kz + r)(k)] (3.49) 

The s i m p l e m o m e n t u m dependence of (3.46) a l lows u s to so lve (3.30) 
exp l i c i t ly for k, ob ta in ing 

i03 - Vohom( 03) - V2hom(">) P^ 

V,hom(S5) + ^ 

( 3 . 5 0 ) 



In s u m m a r y , w e h a v e d e f i n e d a p a r t i a l l y t r a n s f o r m e d s p e c t r a l f u n c ­

t i o n A(pi . z z ' rjo) b y ( 3 . 2 4 ) a n d e x p r e s s e d t h i s f u n c t i o n a s a p r o d u c t of w a v e 

f u n c t i o n s in ( 3 . 3 3 ) . In t h e e f f e c t i v e - m a s s a p p r o x i m a t i o n t h e s e w a v e f u n c ­

t i o n s s a t i s f y (3 .44 ) a n d ( 3 . 4 5 ) , w i t h t h e n o r m a l i z a t i o n b e i n g d e t e r m i n e d b y 

(3 .49 ) a n d ( 3 . 5 0 ) . 

W e m u s t n o w o b t a i n e x p r e s s i o n s f o r t h e d e n s i t y a n d e f f e c t i v e p o t e n ­

t i a l i n t e r m s of t h e p a r t i a l l y t r a n s f o r m e d A . A t t h i s p o i n t w e d i s c a r d t h e 

g e n e r a l i z a t i o n of a n e n e r g y - d e p e n d e n t e f f e c t i v e p o t e n t i a l a n d a g a i n l i m i t 

o u r d e r i v a t i o n t o t h e H a r t r e e - F o c k c a s e . T o f i n d t h e d e n s i t y w e s u b s t i t u t e 

(3 .24) i n t o (2 .29 ) a n d r e w r i t e t h e p x , P y - i n t e g r a t i o n i n p o l a r c o o r d i n a t e s , 

o b t a i n i n g 

, Pf 

p(z) 
Pr d p r 

271 

,M / 2 m 

V I. + V I, 
0 h o r n 2 h e 

da3 
A ( p j . z z 03) ( 3 . 5 1 ) 

T h e f i n i t e a r e a of i n t e g r a t i o n in ( 3 . 5 1 ) i s c a u s e d b y t h e l o w e r b o u n d of t h e 
e n e r g y s p e c t r u m of t h e w a v e f u n c t i o n s , g i v e n b y ( 3 . 3 3 ) . T h i s e s t a b l i s h e s 
a l o w e r l i m i t t o t h e 0 3 - i n t e g r a t i o n , a n d t r u n c a t e s t h e p j . - i n t e g r a t i o n a t p r , 
f o r w h i c h t h e a - l i m i t s a r e e q u a l . 

S i m i l a r l y , t o f ind t h e e f f e c t i v e p o t e n t i a l w e s u b s t i t u t e ( 3 . 2 4 ) a n d 
(2 .29 ) i n t o ( 2 . 2 7 ) , a n d t r a n s f o r m t h e r e s u l t i n g e x p r e s s i o n a c c o r d i n g t o 
( 3 . 2 7 ) . T h i s gi\^es 

V(Z Pr Pz) dZ' v (Z- Z') p(Z') - Z 
Pf p;.dp;. ^ / i - ( p ; V 2 m ) r't p;.dp;. /-^ 

Jo ^'" Jv„ o h o m + ^2 h o r n P r 

dcD 
ZTT 

r'" de p d p ^ , , . ^ • 
/ In TiT ^°^PZ^^e^ ( V p 5 - - 2 p r P r c o s e + P r ' + ( p z " P z ) ' ) 

A p ; . z +- Z - | , » 
(3.52) 

w h e r e v ( Z ) i s d e f i n e d b y (3 .12 ) a n d Vex(p) b y ( 2 . 3 9 ) . If v a n d 
G a u s s i a n p o t e n t i a l s ( 2 . 4 9 ) , t h i s r e d u c e s t o 

V{ZprPz) 112L f 
a' J 

<J- <X 

_ - a , " ( Z - Z ' ) ' 
P ( Z ' ) + 

^ M - ( P r V 2 m ) , r„ 

X / ^f P Z 

Pr dpr 

< P ; , 

e x s r e t h e 

Pr + Pr' 

4a2 lo 

Z . | , Z - | 

PrPr 

- ) . 
(3.53) 
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w h e r e Ip is the i m a g i n a r y B e s s e l funct ion of the f i r s t kind. 

To c a r r y out the e f f e c t i v e - m a s s a p p r o x i m a t i o n we m u s t a p p r o x i ­
m a t e (3.53) by a q u a d r a t i c funct ion of the f o r m (3.41). T h i s i s done by the 
l e a s t - s q u a r e s p r o c e d u r e of Sec t ion II. 3; the quan t i ty 

;(z) (dp) e' (PVP^) [Vp(z)+Vj_(z)p^j. + V||(z)p^2 - V(zp ) ] (3.54) 

i s m i n i m i z e d by se t t ing i t s d e r i v a t i v e s with r e s p e c t to Vp, Vi , and VM 
equal to z e r o . The so lu t ion of the r e s u l t i n g s i m u l t a n e o u s equa t i ons is 

Ai(Z) = X MijUj(Z) (3.55) 

w h e r e 

Uj(Z) - i - f 
1 3/2 / 

7T ^ 

(dp) e - (PV/3^) 
1 

iP^r 
2 

P^ 

V(Zp) 

and 

M ± 

0 

5 
2 

1 

1 

'7 

1 
1 

'7 
1 

7 
0 

II 
1 

'7 
0 

2 

7 
Combin ing (3.55) to (3.57) with (3.53) g ives 

XjT r 

Vro-| (Z) 

fa} 
dZ. e - " < ^ - ^ ' ) p(Z ' ) 

„Pf „ ( ^ - ( P r A " l ) 
" " ^ e x / P r d P r 

4 a ' + fi' 

Pr 

271 / 271 
ohom + ̂ 2horn Pi" 

4a.: +p2 (4^2 + f 

' ' , Pr \ ^ 

^"4a'+ ^ * (4a'+ p ' ) ' / ° 

.(-1) ̂ ' 

i o . ^ i . 

(3.56) 

(3.57) 

(3.58) 



w h e r e 

c^|p|(Zp..) . /^ze-(-^^i^^)^^{^\}A(p„Z.f 4 , 03) .(3.59) 

In the n e a r - v a c u u m reg ion it i s p o s s i b l e to m a k e a c o n j e c t u r e a s to 
an analy t ic app rox ima t ion to the p o t e n t i a l s . In t h i s r e g i o n the s e m i - b o u n d 
wave functions will be a p p r o x i m a t e l y p r o p o r t i o n a l to exp ( V^2mo3 z ) . The 
s lowes t decaying wave function, which p r e s u m a b l y wil l d o m i n a t e the i n t e g r a l s 
in (3.58), o c c u r s for 03 = M • T h u s , we m a y expec t t ha t , a s z -• - ro, Vp, Vj_, 
and V|| will go to z e r o as the squa re of th i s function, i . e . , a s exp( 2 v ' - 2 m / i z ) . 

III. 3. N u m e r i c a l Computa t ion 

At th is point the m a i n p r o b l e m is the so lu t ion of the S c h r o e d i n g e r 
equat ion (3.45). A p e r t u r b a t i o n me thod s e e m s f e a s i b l e , bu t , u n f o r t u n a t e l y , 
if we r e q u i r e the u n p e r t u r b e d potent ia l to a p p r o a c h z e r o on one s ide and 
Vp + V^p^ on the o the r , the s i m p l e s t p o s s i b l e u n p e r t u r b e d wave func t ions 
a r e h y p e r g e o m e t r i c funct ions, and the r e s u l t i n g i n t e g r a l s a r e c o m p l e t e l y 
i n t r a c t a b l e . It s e e m s p r e f e r a b l e to t r e a t the equa t ion by d i r e c t p o i n t - b y -
point n u m e r i c a l in tegra t ion . By us ing such a m e t h o d , the so lu t ion of the 
inhomogeneous case can be d e t e r m i n e d by an i t e r a t i v e p r o c e d u r e in which 
dur ing each i t e r a t ion the s emi -bound wave funct ions a r e c a l c u l a t e d for an 
a p p r o x i m a t e effective potent ia l , and then a c l o s e r a p p r o x i m a t i o n to the 
effective potent ia l is obtained by in t eg ra t ing the wave func t ions . 

Such a computa t ion was p r o g r a m m e d for an IBM 704 E l e c t r o n i c 
Data P r o c e s s i n g Machine . During each i t e r a t i o n the c o m p u t e r b e g i n s wi th 
a tab le of the functions Vp(z), Vj_(z), and V|| (z) c o v e r i n g a z - r a n g e of 
8 f e r m i s , and p e r f o r m s the following c a l c u l a t i o n s : 

1) ^ The table of Vo(z), Vj_(z), and V|| (z) i s ex tended on e a c h s ide 
by about 2 - f e r m i s . In the r i gh t -hand r eg ion t h e s e funct ions a r e se t 
equal to the i r va lues for the homogeneous c a s e . On the left , t hey a r e e x ­
tended by a s s u m i n g that they a r e p ropo r t i ona l to exp( 2 ../-Zmyi z) . 

2) The va r ious d e r i v a t i v e s and p r o d u c t s of Vp, V, , and Vn which 
appea r in (3.45) a r e ca lcu la ted . -*- H 

\^ ^ ° ^ g'^'^" ^^1^^=^ °f Pr and 03, a tab le of the wave funct ion 
0 ( z p r O)) IS ca l cu la t ed in the le f t -hand ex tens ion by a s s u m i n g tha t the 
potent ia l t e r m in (3.45) is p ropo r t i ona l to exp (2 ./^Z^ z,. Such a p o t e n ­
t ia l has wave functions which a r e B e s s e l funct ions , of the f i r s t kind and 
n o n m t e g r a l o r d e r , of an exponent ia l of z. 
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4) The t ab l e of 0 ( z p j . 03) i s c o m p u t e d for the r e m a i n i n g z - r a n g e 
by p o i n t - b y - p o i n t so lu t ion of (3.45). A mod i f i ca t i on of N o u m e r o v ' s m e t h o d 
is u s e d which g ives an e r r o r at each point of the o r d e r of the e igh th power 
of the m e s h s p a c i n g . 

5) The n o r m a l i z i n g c o n s t a n t i s c o m p u t e d f r o m the v a l u e s of the 
wave funct ion and i t s d e r i v a t i v e at the midpo in t of the r i g h t - h a n d e x t e n ­
s ion . The e n t i r e wave funct ion is m u l t i p l i e d by a cons t an t to give a n o r ­
m a l i z a t i o n sa t i s fy ing (3.49) , and (3.44) i s u s e d to t r a n s f o r m the wave 
funct ion into ^(zpj .03). 

6) The i n t e g r a l s "̂ p and e>»2 in (3.59) a r e c a l c u l a t e d for the non -
e x t e n d e d z - r a n g e of 8 f e r m i s . 

7) S teps 3) to 6) a r e r e p e a t e d for v a r i o u s v a l u e s of pj. and UJ 
c o v e r i n g the r e g i o n of i n t e g r a t i o n in (3.58). A new t ab le of Vp(z), Vj_(z), 
and Vii (z) i s bui l t up by i n t e g r a t i n g «*p and ^2. ove r t h e s e v a r i a b l e s . In 
the s a m e m a n n e r , (3.51) i s u s e d to compu te the dens i t y p(z) . 

« 
The c o m p u t a t i o n w a s p e r f o r m e d wi th the u s e of the p a r a m e t e r s 

ob ta ined in the so lu t ion of the h o m o g e n e o u s c a s e by the e f f e c t i v e - m a s s 
a p p r o x i m a t i o n , i . e . , the da ta in Tab le II. The in i t i a l t ab l e of the V s w a s 
ob ta ined f r o m the f o r m u l a 

Vp (z) 

VJL(Z) • 

V,| (z) 

e ' - ^ ( ^ " ^ - ^ ) 

1 .5 (z - 3.5 
+ e * 

Vphor 

< V 2 h o m 

'2 h o m 

(3.60) 

N i n e t e e n i t e r a t i o n s w e r e c a r r i e d out. The e a r l y i t e r a t i o n s , which u s e d a 
m e s h s p a c i n g of T- f e r m i and a 12-poin t f o r m u l a for the pj. and 03 i n t e g r a ­
t i o n s , r e q u i r e d 4 j m i n a p i e c e . Dur ing l a t e r i t e r a t i o n s the m e s h s p a c i n g 
was h a l v e d and a l 6 - p o i n t i n t e g r a t i o n f o r m u l a w a s u s e d . On the l a s t i t e r ­
a t ion (3.52) was u s e d to c o m p u t e a t ab l e of V(zp i . p2 ) f r o m the a p p r o x i m a t e 
wave func t ions . The e n t i r e c o m p u t a t i o n r e q u i r e d about 2 h r . 

The d e n s i t y and p o t e n t i a l func t ions ob t a ined f r o m the l a s t i t e r a t i o n 
a r e t a b u l a t e d in T a b l e III and a r e shown in F i g u r e s 2 and 3. The s u r f a c e 
is s e e n to be qui te s h a r p , a s e x p e c t e d , wi th an exponen t i a l t a i l on the 
v a c u u m s ide and a s t r o n g l y d a m p e d o s c i l l a t i o n on the i n t e r i o r s ide which 
is a p p a r e n t l y due to the f o r m a t i o n of s t and ing "waves. The func t ions Vi (z) 
and V|| (z) a r e n e a r l y e q u a l , a l though t h e r e is no obv ious t h e o r e t i c a l r e a s o n 
for t h i s . F i g u r e 4 g ive s a se t of m o m e n t u m p r o f i l e s of V ( z p i . p 2 ) for v a r i o u s 
po in t s a long the Z - a x i s . 
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Table III 

DENSITY AND EFFECTIVE POTENTIAL ACROSS A 
SURFACE OF NUCLEAR MATTER, IN THE 

HARTREE-FOCK APPROXIMATION 

PLANE 

z (f) 

0.0 

0 . 2 5 

0 . 5 0 

0 . 7 5 

1.00 

1.25 
1.50 

1.75 
2 . 0 0 

2 . 2 5 
2 .50 

2 . 7 5 
3 .00 

3 .25 

3 .50 

3 .75 

4 . 0 0 

4 . 2 5 
4 . 5 0 

4 . 7 5 

5 .00 

5 . 2 5 

5 .50 

5 .75 
6 .00 

6 .25 

6 .50 

6 .75 

7 .00 

7 .25 

7 .50 

7 .75 

8 .00 

CO 

p^{i-') 

0 . 0 0 0 3 9 3 4 

0 . 0 0 0 4 2 1 4 

0 . 0 0 0 4 8 0 8 

0 . 0 0 0 5 8 2 0 

0 . 0 0 0 7 4 2 6 

0 . 0 0 0 9 9 1 2 
0 . 0 0 1 3 7 1 

0 . 0 0 1 9 4 8 

0 . 0 0 2 8 0 9 
0 . 0 0 4 0 7 0 

0 . 0 0 5 8 5 6 

0 . 0 0 8 2 7 5 

0 . 0 1 1 3 6 

0 . 0 1 5 0 5 

0 . 0 1 9 0 9 
0 . 0 2 3 1 7 

0 . 0 2 6 8 7 

0 . 0 2 9 8 7 

0 . 0 3 1 9 2 

0 . 0 3 2 9 6 

0 . 0 3 3 0 8 
0 . 0 3 2 5 2 

0 . 0 3 1 6 2 

0 . 0 3 0 7 2 

0 . 0 3 0 0 9 
0 . 0 2 9 8 5 

0 . 0 2 9 9 7 

0 . 0 3 0 3 2 
0 . 0 3 0 7 4 

0 . 0 3 1 1 0 

0 . 0 3 1 3 1 
0 . 0 3 1 3 7 

0 . 0 3 1 2 7 

0 . 0 3 0 8 7 

Vp ( M e v ) 

- 1 . 1 7 5 

- 1 . 2 9 2 

- 1 . 4 7 1 

- 1 . 7 4 2 

- 2 . 1 5 2 

- 2 . 7 6 8 

- 3 . 6 8 9 
- 5 . 0 5 0 

- 7 . 0 3 3 
- 9 . 8 5 4 

- 1 3 . 7 4 

- 1 8 . 8 7 

- 2 5 . 2 9 

- 3 2 . 7 9 
- 4 0 . 9 2 

- 4 8 . 9 5 

- 5 6 . 0 6 

- 6 1 . 5 3 

- 6 4 . 8 8 

- 6 6 . 0 5 

- 6 5 . 3 5 

- 6 3 . 4 5 

- 6 1 . 1 6 

- 5 9 . 2 1 

- 5 8 . 0 8 

- 5 7 . 9 2 

- 5 8 . 5 2 

- 5 9 . 5 5 

- 6 0 . 5 8 

- 6 1 . 3 2 

- 6 1 . 6 3 

- 6 1 . 5 3 

- 6 1 . 1 7 

- 6 0 . 4 4 

Vj_ ( M e v - f ^ ) 

0 . 3 8 4 7 

0 . 4 2 0 7 

0 . 4 7 6 7 

0 . 5 6 2 4 

0 . 6 9 2 0 

0 . 8 8 6 1 

1 .174 
1 .597 

2 . 2 0 8 
3 . 0 7 0 

4 . 2 4 7 

5 . 7 8 6 

7 . 6 8 9 

9 . 8 8 9 
1 2 . 2 3 

1 4 . 5 0 

1 6 . 4 6 

1 7 . 8 9 
1 8 . 6 8 

1 8 . 8 3 

1 8 . 4 6 

1 7 . 7 9 
1 7 . 0 6 

1 6 . 4 9 
1 6 . 2 1 

1 6 . 2 3 

1 6 . 4 8 

1 6 . 8 3 

1 7 . 1 5 

1 7 . 3 6 

1 7 . 4 2 

1 7 . 3 5 

1 7 . 2 1 

1 7 . 0 3 

V | | ( M e v - f ^ ) 

0 . 4 6 6 9 

0 . 5 2 8 1 

0 . 6 0 8 1 

0 . 7 1 3 4 

0 . 8 5 7 6 

1 . 0 6 3 

1 . 3 6 1 

1 . 7 9 3 

2 . 4 0 7 

3 . 2 6 1 

4 . 4 1 2 

5 . 9 0 0 
7 . 7 3 4 

9 . 8 6 2 

1 2 . 1 6 

1 4 . 4 3 
1 6 . 4 3 

1 7 . 9 4 

1 8 . 8 0 

1 8 . 9 9 
1 8 . 6 3 

1 7 . 9 4 

1 7 . 1 7 

1 6 . 5 6 

1 6 . 2 3 

1 6 . 2 1 

1 6 . 4 3 

1 6 . 7 8 

1 7 . 1 1 

1 7 . 3 4 

1 7 . 4 3 

1 7 . 3 7 

1 7 . 2 3 

1 7 . 0 3 

^These quantities must be multiplied by a degeneracy factor 
of 4. 
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ITERATION NUMBER 

Fig. 2 

The momentum-independent term Vo(z) of 
the effective-mass approximation for the 
effective potential across a plane surface 
of nuclear matter, in the Hartree-Fock 
approximation. The quantity is given as a 
function of z and is shown after each iter­
ation of the self-consistent computation. 

0 ) 2 3 4 5 6 7 

Z.te.mi 

Fig. 3 
The density p(z) and the quadratic 
terms V. ( z) and V[|( z) of the effective-
mass approximation for the effective 
potential across a plane surface of 
nuclear matter, in the Hartree-Fock 
approximation. All quantities are 
given as functions of z. Thetwoterms 
Vi and VII, which are coefficients of 
the monnentum components perpendic­
ular and parallel to the z axis, are 
equal within the limited accuracy of 
the graph, except in the shoulder re­
gions where a small difference is in­
dicated by splitting the curves. The 
density p( z) must be multiplied by a 
degeneracy factor of 4. 
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Fig. 4. The effective potential V(zp) across a plane surface of nuclear matter in 
the Hartree-Fock approximation. In this case, V(zp) was computed with­
out the effective-mass approximation [i.e., from Eq. (3.5Z)] but from wave 
functions which were obtained with the effective-mass approximation. Two 
functions VA(zp) - V(z. pr = p, Pz = 0) and V B ( Z P ) = V(z, pj. =0, p^ = p) 
are shown as functions of p for selected values of z. The two functions 
are equal to within the accuracy of the graph except where indicated by 
splitting of the lines. 

The surface t h i c k n e s s , which is the d i s t a n c e in which the p a r t i c l e 
densi ty r i s e s f rom 10% to 90% of i t s a s y m p t o t i c va lue in the i n t e r i o r , i s 
2.01 f e r m i s . This may be c o m p a r e d with a va lue of 2.5 ± 0.2 f e r m i s o b ­
ta ined f rom h igh -ene rgy e l e c t r o n - s c a t t e r i n g d a t a . ' - " ' ' 

F i g u r e 2 a l so gives the r e s u l t s for Vp(z) f r o m s o m e of the e a r l i e r 
i t e r a t i o n s . During the l a t e r i t e r a t i o n s the solut ion h a s c o n v e r g e d excep t 
for a slow drift b a c k w a r d s along the Z - a x i s , which is p r o b a b l y due to 
n u m e r i c a l e r r o r s in the spa t ia l boundary cond i t i ons . 

A deta i led d i scuss ion of the m o r e i m p o r t a n t n u m e r i c a l m e t h o d s 
which were used is given in Appendix A. 



CHAPTER IV 

THE PUFF-MARTIN APPROXIMATION IN THE 
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IV. 1. General Derivation 

47 

Chapters IV and V present solutions for homogeneous and inho­
mogeneous nuclear matter in an approximation which takes into account 
certain two-particle correlation effects and is capable of describing 
the saturative effects of a repulsive core in the interparticle potential. 
This approximation was developed by Martin and Schwinger(l) and applied 
to homogeneous nuclear matter by Puff,'"^' who also gives a discussion of 
its accuracy. The derivation given here differs from Puff's derivation in 
that the use of a Fourier ser ies in energy is avoided and the Fourier 
transformation of spatial variables is postponed until a later step. How­
ever, the resulting equations for the homogeneous case agree with those 
obtained by Puff. 

For the sake of clarity, the following derivations parallel the 
presentation of the Hartree approximation as closely as possible. Use 
will be made of certain results from the preceding chapters which are 
generally valid and not limited to the Hartree case. 

To simplify the notation, let the numerical variable k represent 
the set ^j,. , rj^, tj^, and let (dk) represent summation and infinite integra­
tion over these variables . In this notation (2.1) becomes 

6(1; 1') 

Gi (1; r ) + i / (d2)(dl)(d2) ^1 2|v| 1 2> 0^(1 2; 1'2"'') 

(4.1) 

where 

<1 2|v|l 2> =<rir2|v |r ,r2> 6 (t^-ti)6 (tz-t2)6 (t^-t^) (4.2) 

The analogous equation for G2 is 
2 

' 1 

'jr7i^*'' C2(l 2; 1-2') -I- i / ( d 3 ) ( d l ) ( d 3 ) <1 3 |v |l 3> 03(1 2 3; 1 •2'3+) = 

6 ( 1 ; r ) Gi(2; 2') - 6 (1 ; 2') Gi(2; I ' ) . (4.3) 



Equat ions (4.1) and (4.3) m a y be c o m b i n e d into an equa t ion for the d i f f e r ­
ence be tween G2 and the H a r t r e e - F o c k a p p r o x i m a t i o n G ,Gi -GiGi , 

[ G z ( l 2 ; l ' 2 ' ) - G i ( l ; l ' ) G i ( 2 ; 2 ' ) + 0^ (1 ; 2') G i ( 2 ; r ) ] = 

- i / (d3)(dl ) (d3) <1 3|v[l 3> 

X [G3( r23 ; l ' 2 ' 3 + ) - G 2 ( T 3 ; l ' 3 + ) G i ( 2 ; 2 ' ) +G2(T3 ;2 '3+) Gi(2; 1')] . (4.4) 

By applying the d i f ferent ia l o p e r a t o r [i ( b / d t j ) + (V2/2m) + /i ] to t h i s 
equat ion, and using (4.1) and the equat ion for G3, 

G3(12 3; r 2 ' 3 ' ) + i / ( d 4 ) ( d l )(d4)<l 4 |v | l 4> 04(1 2 3 4; 1 '2 '3 '4+) 
otj 2m 

6 ( 1 ; r ) G 2 ( 2 3 ;2 ' 3 ' ) - 6 (1 ; 2') 02(2 3; r 3 ' ) + 6(1; 3') 03(2 3; 1'2') , (4.5) 

we may obtain an equat ion for G2 which is s y m m e t r i c in the v a r i a b l e s I 
and 2, 

K ^ 1^ ^̂ ] [' i ^ £ ^ ]̂ h'^ '••'•"^ - <='*'̂  ̂ '̂  °'<'̂ '̂'" °'"^ '•' '̂̂ '̂  '•'] 
-i/(di)(d2)<12|v|l2> C2(l2; 1'2') = 

- J(dl)(d2){d3)(d3)(d4)(d4) <13|v]l3p. <24[v|24> 

x[G4(i2 3 4;l'2'3+4+) - C2(l3;l'3+) 0^(2 4;2'4+) + Gzd 3; 2'3+) G2(24;l'4+)] . (4-6) 

The Puf f -Mar t in app rox ima t ion is obta ined by neg lec t ing the r i g h t -
hand side of this equat ion. This is equiva len t to a p p r o x i m a t i n g G4 by a 
combinat ion of Gj ' s which r e t a i n s the t w o - p a r t i c l e c o r r e l a t i o n s b e t w e e n 
the p a i r s of p a r t i c l e s (1,3) and (2,4), which, in t u r n , a r e coupled by the 
i n t e r a c t i o n s . 

The app rox ima te equat ion may be r e w r i t t e n in i n t e g r a l f o r m by 
using the f ree pa r t i c l e function G J which s a t i s f i e s (4.1) with v = 0: 

ot^ 2m G ° ( l ; l ' ) = 6 (1 ;1 ' ) . (4 .7 ) 

In conver t ing the approx ima t ion to an i n t e g r a l f o r m , a t t en t ion m u s t be 
given to the pe r iod ic boundary condi t ions . Let us r e s t r i c t T to r e a l va lues 
l imi t the f ree v a r i a b l e s t j , t^, t;, and t^ to the i n t e r v a l 0 to T, and 
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res t r i c t the time integrations to 0 to T (indicated by square brackets) . 
Under these res t r ic t ions the approximation to (4.6) is equivalent to 

G2(12;1'2') = G i ( l ; l ' ) Gi(2;2') - Gi( l ;2 ' ) Gi(2;I ' ) 

+ i / [d l " ] [d2" ] G°(l; I") G°(2; 2") / [dr] [d2] < l"2" |v |T2> 

xG2(T2; I '2 ' ) , (4.8) 

since operating on this equation with the appropriate differential operators 
gives (4.6), and the equation satisfies the boundary conditions on G2 pro­
viding the Gj's satisfy s imilar conditions. 

The form of (4.8) reveals an asymmetry between unprimed and 
primed coordinates (as may be seen by expanding the equation in powers 
of the potential) which is a serious defect in the approximation, since it 
implies that the approximate G^ and G2 cannot simultaneously satisfy the 
GJ equation (4.1) and its adjoint. This violates a set of conditions which 
have been shown by Baym and Kadanoff(ll/ to be sufficient to insure the 
conservations of particle number, momentum, energy, and angular mo­
mentum in a system which is subjected to an external disturbance. There 
is also reason to believe that this asymmetry is responsible for the viola­
tion of |U = dEp/dN and the related ambiguities in the p res su re , which will 
be discussed in Section IV.3. 

The functions Gj and G2 are now determined by the simultaneous 
equations (4.1) and (4.8). In order to separate these equations, we intro­
duce a subsidiary two-particle function f2 satisfying 

n ( l 2 ; l ' 2 ' ) = 6(1; ! ' ) 6(2; 2') + i / [ d l " ][d2" ] GJ(1 ; I ") Gf(2; 2") 

x / [d r ] [d2] < I " 2 " | v | l 2 > ^(12; 1'2') , (4.9) 

along with boundary conditions s imilar to those on G2. In te rms of Q, 
(4.8) has the solution 

02(1 2; 1'2') =J[d l" ] [d2"] n(l 2; 1"2") 

[Gi(l"; 1') Gi(2";2') - Gi ( l " ;2 ' ) Gi (2" ; l ' ) ] , (4.10) 

which gives G2 explicitly in t e rms of Gj. Substitution of this into (4.1) 
gives 

S VI 

dt, 2m ^ 
Gi(l; 1') + i /[d2][dl][d2][dl"][d2"] <1 2 | v | l 2 > 

X [ n ( r 2 ; l " 2 " ) - n(T2; 2"1")] Gi(2"; 2+) Gjd "; I') = 6(1; 1') . (4.II] 



To solve (4.11), s m c e v is loca l m t i m e , the funct ion n ( l 2; 1'2') i s n e e d e d 

only for tj = t2. F o r th is c a s e , the subs t i t u t i on 

fi(rit,r2t,;r;t;r^ti) = 6 ( t ; - t i ) n ( r i r 2 t i ; r l r^ t l ) (4.12) 

r educes (4.9) to 

fi(rir2t;r;rlt') = 6 ( t - t ' ) 6 ( r i - r ; ) 6(r2 - r^) 

+ i / ( d r ; ' ) ( d r^ ' ) f dt" G ° ( r i t ; r ; ' t " ) G ° ( r 2 t ; r r t " ) 

x / ( d 7 i ) ( d ? 2 ) < r ; ' r l ' | v l F i r - 2 > f 2 ( F l ? 2 t " ; r ; r ' t ' ) . (4.13) 

We now wish to r e c o n v e r t (4.13) into a d i f f e ren t i a l equa t ion by 

Operating on it with 
^ + v ^ 

|_ ot 2m 
.+ Zfi We f i r s t note tha t the r e d u c e d 

a sa t i s f i es an even boundary condit ion, .Q(Ot') = +n(T t ' ) , s ince both Of ' s 
in (4.13) change sign as t goes f rom 0 to T. Secondly we m a y use (4.7) 
to obtain 

Vi + vl 
+ Z\x G f ( r i t ; r ; t ' ) G f ( r 2 t ; r i t ' ) 

whe re 

_' St 2m 

6 ( t - t ' ) [ 6 ( r i - r l ) G f ( r 2 t ; r ^ t ) + 6 ( r 2 - r i ) G ? ( r i t ; r ; t ) ] 

Gf(rt; r ' t ) = \ [Gf(rt; r ' t+) + G°(rt; r ' t " ) ] 

(4.14) 

(4.15) 

Since the H a r t r e e - F o c k de r iva t ion in Chapter II is exac t for f r ee p a r t i c l e s 
Gi may be obtained by subs t i tu t ing the f r e e - p a r t i c l e so lu t ion Ap(p cu) = 
27T6 (OJ - (pV2m)) into (2.17). This g ives 

whe re 

' ( r t ; r ' t ) = T I ^ E L eip-(r - r ' ) G„„(p) 
j (2TT) ' 

Goo(p) = 2J coth-

(4.16) 

(4.17) 

Using these r e s u l t s , and r ep lac ing p by ^ V to ind ica te F o u r i e r t r a n s f o r ­
mat ion , we obtain the d e s i r e d d i f ferent ia l equa t ion . Equa t ion (4.13) i s 
equivalent to 
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Vf + vl 
' St "̂  2m + 2/Li n ( r i r 2 t ; r ; r ^ t ' ) - 6 ( t - t ' ) 6 ( r i - r ; ) 6 ( r 2 - r ; ) 

G p p ( - ^ ) + G ( -^) / ( d ? i ) ( d 5 2 ) < r i r 2 l v | r i r 2 > x f ^ ( r i F 2 t ; r ; r ^ ' ) 

(4.18) 

along wi th the e v e n bounda ry condi t ion on fi. If we i n t r o d u c e s u m and 
d i f f e rence c o o r d i n a t e s . 

^ - 2 

V R 
V 2 = — - V, 

r = r, - r . 
V R 

Vi = ^ - + Vr 

(4.19) 

and use 

< r i r 2 | v | r ; r 2 > = v ( r r ' ) 6 ( R - R ' ) 

then (4.18) b e c o m e s 

(4 .20) 

S V R V'r 

ot 4 m m 
[ n [ R r t ; R ' r ' t ' ] - 6(t - f ) 6 ( R - R ' ) 6 ( r - r ' ) ] 

°°°'7r+~J + ° °n i r T 

X /"(dr) v ( r F) n [ R ? t ; R ' r ' t ' ] (4.21) 

w h e r e the s q u a r e b r a c k e t s ind ica te s u m and d i f f e rence c o o r d i n a t e s as in 
(3.2) . 

Now fl i s the so lu t ion of a l i n e a r equa t ion whose k e r n e l is spa t i a l l y 
h o m o g e n e o u s , and t h e r e f o r e fl i t se l f i s spa t i a l l y h o m o g e n e o u s , even when 
Gi is not . Thus we m a y i n t r o d u c e the F o u r i e r t r a n s f o r m 

fl[Rrt;R'r't'] = f i ^ e i P - ( R - R ' ) fl(Prt;r't') , (4.22) 
J ( 2 7T) 

which r e d u c e s (4.21) to 

. a P^ Vr , 
1 ^ - - - — + + 2 f l 

Ot 4 m m 
[ f l ( P r t ; r ' t ' ) - 6 ( r - r ' ) 6 ( t - t ' ) ] = 

/"(dr) v ( P r ? ) fl(P?t; r ' t ' ) (4 .23) 



w h e r e 

( P r ? ) G„„(| + ^ )+Gp„( f - f ) v(r r) (4 .24 ) 

We note that in the l o w - t e m p e r a t u r e l i m i t as ir— oo, p rov id ing ii< 0 (which 
is the case for n u c l e a r m a t t e r ) , the h y p e r b o l i c co t angen t s in Cppwi l l go 
to one, and v ( P r r ' ) wi l l r e d u c e to v( r r ' ) . 

Equat ion (4.23) has the so lu t ion 

fl(Prt;r't') = 6 ( r - r ' ) 6 ( t - t ' ) + / ( d r " ) ^ ( P r t; r " t ' ) v ( P r " r ' ) 

(4 .25) 

vhere ^ is the G r e e n ' s function sa t i s fy ing 

S P^ V'r ^ , 
dt 4m m 

^ ( P r t ; r ' t ' ) - / ( d r ) v ( P r r) ^ ( P r t; r ' t ' ) 

6(r - r ' ) 6(t - f ) (4.26) 

along with the s a m e even boundary condi t ions as Q. The funct ion ^ m a y 
be e x p r e s s e d in s p e c t r a l fo rm by a p r o c e s s s i m i l a r to (2.12) to (2 .19) , but 
using the even boundary condit ion in s t ead of (2.13). The r e s u l t i s 

9i P r t; r ' t ' 

^ "S 

'{"" - 2M + £ 7 ) , ,. , -ilcu -Zji + f — 1 (t - t ' ) 
1 / da3 \ '^ 4 m ' 

27T ^ 

(2: ( P r r ' 

1 - g - i(aj - 2/i -I- P y 4 m ) T 

a ^ ( P r r'U3) 

1 - g+i(u3-2/Li 4 - P y 4 m ) T 

/here CZ- sa t i s f i es 

OJ + 

t > t ' 

t < t ' 

^ ) a . ( P r r ' a ) ) - / (d?)v(P r 5) ij, (P F r'oj) = 0 (4 .28) 

and the n o r m a l i z a t i o n condit ion 

/ doj 

27r 
( ^ ( P r r'co) = 6(r - r ' ) 

(4 .29) 



From (4.28) we may infer that Ct- is composed of wave functions of the 
reduced-mass system of two part icles with an interparticle potential 
v ( P r r ' ) . It will be useful to define a scattering matr ix in t e rms oid : 

<r | t (PcD) | r '> = v ( r r ' ) 

+ / ( d r " ) ( d r " ' ) v ( r r " ) / , g ' ^ ' ^ j ; ' ^ ' , " " ^ ' ) v ( P r " ' r ' ) . (4.30) 

As iT-*oo and v-»v, the quantity t becomes the conventional two-body scat­
tering matr ix for the potential v. 

Having obtained the function fl, we now substitute our result into 
(4.11). Using (4.2), (4.20), (4.12), (4.22), and (4.25), we obtain 

'. a < 
'-t7^^^. 

+ i 

G i ( r i t ; r i t ) 

i r(dr; ')(dr2)(drr) 6(R - R") v^y^ (r r") G,{r'^U r2t+) Gi(r;'t; rjt ') 

+ i r ^ d t " r(dr; ')(dr2)(dr2) l££^3 e iP- (R-R") J (d? ) (d? ) v(rF) 

X ^ ( P r t ; 7 t " ) vsym ( P ? r " ) Gi(r21"; r2t+) Gi(r;'t"; rjt ') = 

6 ( r i - r ; ) 6 ( t - t ' ) , (4.31) 

where 

Vsym(rr ' ) = v ( r , r ' ) - v ( r , - r ' ) , (4.32) 

and similarly for ~. In (4.31) the space variables without numerical 
subscripts are sum and difference coordinates defined as in (4.19). Ex­
cept for the last t e rm on the left-hand side, (4.31) is equivalent to the 
Har t ree-Fock equations (2.3) and (2.4). The correlat ion effects are de­
scribed by the additional t e rm, which is nonlocal in t ime. 

We now wish to derive an equation for the spectral function A. 
Equations (2.11) to (2.17) and (2.19) are still valid, but the simple p ro ­
cedure which led to (2.18) is no longer applicable because of the non-
locality of the additional te rm in (4.31). Instead, to obtain an equation 
for Awe may proceed as follows: Let 

Vp(rir;) = - i / (dr2) (dr ; ) 6 ( R - R ' ) vsym ( r r ' ) Gi(r2t;r2t+) , (4.33) 



and 

U ( r , t ; r ; f ) = - . / ( d r 2 ) { d r ; ) ( g e ^ ^ - ( R - R ' ) 
(27T)^ 

x ; ( d r " ) ( d r " ' ) v ( r r " ) ^ ( P r " t ; r " ' t ' ) 7 3 y ^ ( P r " ' r ' ) G i ( r ; t ' ; r 2 t ) . 

(4.34) 

Using t h e s e funct ions and s u p p r e s s i n g the s p a t i a l c o o r d i n a t e s into a m a t r i x 

notat ion, we m a y w r i t e (4.31) as 

S V 
^ + r— + M - Vp 
Ot 2m 

G i ( t t ' ) - / d t " U ( t t " ) G i ( t " t ' ) = 6 ( t - t ' ) (4.35) 

We in t roduce the funct ions G> and G< def ined by (2.11) and sa t i s fy ing 
(2.12) and (2.13). S imi l a r l y , we define U> and U< by 

U ( t t ' ) 
U > ( t t ' ) t > t ' 

U ^ ( t t ' ) ; t < t ' (4.36) 

and in the r e m a i n i n g r eg ions of t and t ' by ana ly t i c con t inua t ion . Now, 
the independent t i m e v a r i a b l e s have been r e s t r i c t e d to the i n t e r v a l 0 to T. 
If we impose the addi t ional r e s t r i c t i o n t ' < t , then the s u b s t i t u t i o n of (2.12) 
and (4.36) r e d u c e s (4.35) to 

s ^ 
y- - Vp ( t f ) - r dt"U>(tt") G<;(t"t') 

- \ dt"U>(tt") G>(t"t') - I dt" ' U < ( t t " ) G > ( t " t ' ) = 0 (4.37) 

But, unlike (4.35), equa t ion (4.37) is an ana ly t i c e q u a t i o n in a n a l y t i c func­
t ions . T h e r e f o r e it m u s t hold, not only in the r e g i o n 0< t ' < t < T, but 
th roughout the e n t i r e r a n g e of t and t ' . 

Because of (2.13) and the ana logous even cond i t ion on Q-, (4.34) in 
p l i e s that 

U<( t , t ' ) = -U>( t + T, t ' ) (4.38) 
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The s u b s t i t u t i o n of t h i s r e s u l t and (2.13) into (4.37) to e l i m i n a t e V^ and G ;̂-
g ive s 

s vt_ 
' h i ' l ^ ' ' ^ • ^ o 

Gs^(t t ' ) - / d t " U ^ ( t t " ) Gx.(t"t 

+ / d t "U>( t + T , t " ) G > ( t " t ' ) = 0 (4.39) 

If we i n t r o d u c e the F o u r i e r t r a n s f o r m of G> given by (2.14) and the 
ana logous t r a n s f o r m of U s , - ' 

U ^ ( t t ' ) = r i i i i e - i ( ' ^ - f ^ ) ( t - t ' ) u>(tD) (4.40) 
^ J 27ri -^ 

( s ince U s depends only on t - f ) , we m a y t r a n s f o r m (4.39) into 

m + 2m 
\ , , TdCD' dcD" \ r C i ,1(03 - CD') t + i(cD' -CD") t " 

- 1 e-i(cD' - M ) T / d t / i(cD - co')t + i(cD' - CD")t" d t" e 

The quan t i ty in s q u a r e b r a c k e t s is equa l to 

u>(to ') g>(cu") = 0 . 

(4.41) 

27T ( l + e - i ( a ) ' -M)T-)6(cD-to") - ( l + e - i ( a > " " M)T) 6(a) - cu') 

(4.42) 
so tha t (4.41) is j u s t 

Vi 

- ^f^ ^;^A^ + ^'''-'^'' ^'''''I^yi'^') s>M'^^>i"^h>io^')^= (^ • (4-43) 

H e r e P i n d i c a t e s t h a t the p r i n c i p a l p a r t of the i n t e g r a l is to be u s e d , a s 
m a y be v e r i f i e d by r e p l a c i n g the d e n o m i n a t o r in (4.42) by co" -CD' + i e , 
subs t i t u t i ng into (4.41) , and us ing 

P — I 7Ti6 (CD) 
/n ' ^ ' CD* i e to 

(4.44) 



W e n o w e x p r e s s g s i n t e r m s of A b y u s i n g ( 2 . 1 6 ) , a n d t r e a t u.y 

a n a l o g o u s l y b y d e f i n i n g a f u n c t i o n B(CD) s u c h t h a t 

UX,(CD) 
B(CD) (4.45) 

1 + e •l(CD - |U)T 

F i n a l l y t h e s u b s t i t u t i o n of ( 2 . 1 6 ) a n d ( 4 . 4 5 ) i n t o ( 4 . 4 3 ) g i v e s t h e d e s i r e d 

e q u a t i o n f o r A: 

A(cu) i £ ' _ J _ rB(cD') A(CD) + B(CD) A ( c o ' ) ] = 0 . ( 4 . 4 6 ) 
27T 03- CD' 

W e m a y d e f i n e a f u n c t i o n w h i c h i s a n a l o g o u s t o t h e e f f e c t i v e p o t e n ­

t i a l in t h e H a r t r e e a p p r o x i m a t i o n b y 

V(c V„ + 
d03' B ( O 3 ' 

2Tr 0 3 - 0 3 ' 
(4 .47) 

w h e r e 03 m a y b e c o m p l e x . T h e i n c r e a s e d c o m p l e x i t y of t h e P u f f - M a r t i n 

a p p r o x i m a t i o n i s e x p r e s s e d b y t h e e n e r g y d e p e n d e n c e of t h i s f u n c t i o n . In 

g e n e r a l , V(o3) w i l l h a v e a d i s c o n t i n u i t y a c r o s s t h e r e a l a x i s a t CD if B(oj) / 0 . 

F o r r e g i o n s of CD i n w h i c h t h e r e i s n o d i s c o n t i n u i t y , i . e . , i n w h i c h B(CD) = 0, 

e q u a t i o n ( 4 . 4 6 ) r e d u c e s t o t h e s i m p l e f o r m 

03 + — ^ - V(03) 
2 m 

A(o3) = 0 

o r , e x p l i c i t l y . (5) 

V 
03 + 

2 m 
A ( r i r ; o 3 ) - / ( d r j ' ) V ( r i r ; ' o 3 ) A ( r ; ' r ; 0 3 ) = 0 

( 4 . 4 8 ) 

(4 .49) 

w h i c h i s a n a l o g o u s t o t h e H a r t r e e e q u a t i o n ( 2 . 1 8 ) , a n d w h i c h p e r m i t s a 
w a v e - f u n c t i o n e x p a n s i o n s i m i l a r t o ( 2 . 2 0 ) a n d ( 2 . 2 1 ) . 

A l t h o u g h w e w i l l n e e d t o f i n d A(CD) o n l y i n t h e r e g i o n of CD i n w h i c h 
V i s c o n t i n u o u s , w e w i l l n e e d t o d e a l w i t h t h e g e n e r a l s i t u a t i o n i n o r d e r t o 
n o r m a l i z e A. I n t h i s c a s e , i t i s u s e f u l t o d e f i n e a n e n e r g y G r e e n ' s f u n c t i o n 
( f o r c o m p l e x CD): 

G(o.) - . j ^ Mc^ 
' Z-n 03-03 ' (4 .50) 
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Replacing 03 by 03" and performing the operat ion / -r— (for complex 
\ lA A L \ • J 27T 03- 03" 

CD) on (4.46) gives 

- / g ' A ( o 3 " ) + ( o 3 + | i - V p ) G ( o 3 ) 

/
d03" / dCD' I 1 r / , , , , , , ,T 

- r — 1 -^ rr - ; ; ; [ B 03' A 0 3 " ) + B 03" A(o3') = 0 . ( 4 . 5 i ) 
2?: 7 2? : 03- 03" CD" - 03' •• ^ ' ^ ' \ / \ / j v / 

The f i r s t t e r m may be evaluated by using the normal iza t ion condition 

(2.19). In the double in tegra l the symmet ry of (BA+ BA) in 03' and 03" 

allows the rep lacement 
1 1 

0 3 - C D " 03" - 03' 

1 ' + 1 1 
CD - CD" 03" - 03' 0 3 - 03' 03' - 03" 

1 1 1 
2 C D - CD' C D - CD" 

Thus, (4.51) reduces to 

£ - V(OD)) G(CD) = 1 03 + 

(4 .52) 

(4 .53) 

Once this equation has been solved for G(o3), the function A may be ex­

t r ac ted by using 

A(03) 
V 27Ti 

A(03') A(03 

03 - CD' -IC 03-03 
^ ] = f [G(03-ie)-G(cD + i£)] 

(4 .54) 

We st i l l need to exp re s s V(CD) in t e r m s of A(03). By substituting 

(2.17) and (4.27) into (4.34), and using (4.36), the inverse of (4.40), and 

(4.45), we obtain 

B(r.r;o3) = r ^ ' (dr2)(dr') ^ i ^ e i P ' l R " R') /"(dr")(dr '") v(r r") 
J '^^ (2Tr) J 

xC2:(pr"r ' " ,03+03 ' " ^ ^ ^ j v ^ y m ( P r " ' r ' ) A(r2r; 
4m/ 

l+e-i(cD - M ) T 

03') 

( l . e - i ( o 3 + 0 3 ' - 2 M ) T " ) ( j ^ g i ( o 3 ' - II)T .^ 
(4 .55) 

where the factor in square b racke t s reduces to 

1 1 

j .g- i (03+a3 ' - 2 M ) T i + e ' i ( " ^ ' • ' ^ ) ' ^ 
(4.56) 
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We m u s t find the l o w - t e m p e r a t u r e l i m i t of (4.55) as iT-*-<» and v - ' v . 
This l imi t wi l l be g r e a t l y s imp l i f i ed if we m a y a s s u m e that 2/.i< cDp, w h e r e 
CDp = -2.225 Mev, is the binding e n e r g y of the d e u t e r o n . We wi l l find t h i s 
a s s u m p t i o n to be jus t i f i ed for n u c l e a r m a t t e r at r e a s o n a b l e d e n s i t i e s . 

Now the function <^ is z e r o when CD + a3'-(py4m)< CDp, s i nce ojp is the 
lowes t e igenvalue of equa t ion (4.28). Thus if 2f.t< CDp, t h e n Cu = 0 for 
03 + 03' £ 2/Li, and we need only c o n s i d e r the r e g i o n CD + CD' > 2jU in tak ing the 
l imi t of (4.56) as IT -^ CO. In th is r e g i o n the l i m i t i s ^ . ( 0 3 ' - fi), and s u b ­
s t i tu t ion into (4.55) g ives 

B(r , r ;o3)= J ^ 4 ^ ' (dr2)(dr ' ) ^ e i P - ( R - R ' ) J ( d r " ) ( d r ' " ) 

X v ( r r " ) a ( r " r ' " , 03 + 03' - — j v g y j n ( r ' " r ' ) A(r;r203') . (4.57) 

Since (Z is z e r o for 03+ a 3 ' - ( P y 4 m ) < 03p, then B(CD) i s z e r o for 
03<03p-/.t, and in th is r eg ion V(o3) wi l l be con t inuous . But on the o t h e r hand , 
to d e t e r m i n e B(o3) f rom (4.57) we need to know A(03) only for 03 < ;-i. If we 
again a s s u m e 2|U< CDp, then th i s r eg ion is e n t i r e l y wi th in the r e g i o n in wh ich 
V(o3) is cont inuous , and a s e l f - c o n s i s t e n t so lu t ion for V(03) can be ob t a ined 
without finding A(o3) in the d i scon t inuous r e g i o n of V. 

Substi tut ing (4.57) 
f inally obtain 

(4.33) and (2.17) into (4.47) , and us ing (4 .30) , 

V(rir |a3) 

vhere 

X <r 

^ ( d r 2 ) ( d r ; ) l ^ e i P - ( R - R ' ) 
27T ^' ( 2 T r ) 3 

t 3y^ (o3+03 ' - ^ ) r ' > A ( r i r 2 0 3 ' ) , (4.58) 

< H t s y m ( " ^ ) | r ' > = < r | t ( 0 3 ) | r ' > - < r | t ( o 3 ) | - r ' > (4.59) 

and < r | t ( o 3 ) | r ' > is the s c a t t e r i n g m a t r i x of the r e d u c e d - m a s s t w o - b o d y 
s y s t e m , defined by (4.28), (4.29), and (4.30) wi th v ( P r r ' ) r e p l a c e d by 
v ( r r ) to give the l o w - t e m p e r a t u r e l im i t . 
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In the preceding discussion we have ignored the presence of the 
internal variables of spin and isotopic spin. These variables may be made 
explicit by considering equation (4.11), which may be written as 

^ + ^ ' + 
' / 

G i ( l ; l ' ) + i [d2][dl"][d2"] 

X [9(1 2; I"2") - 0(1 2,'; 2"!")] Gi(2";2+) Gi(l"; 1') = 6(1; 1') , (4.60) 

where 

9(1 2; 1"2") = r[dT][d2] <I 2 | v | r 2 > fl(T2; 1"2") . (4.61) 

Any two-particle function such as 9 may be expanded in exchange opera­
tors in the internal variables, in the same manner as in equation (2.7): 

9 = epl + 9aP° + 9^P'^ + 9g.^pOpT . (4.62) 

The same reasoning as was used in Section II. I leads to the conclusion 
that the internal variables may be accounted for by replacing the differ­
ence of S's in (4.60) by 

9(1 2; 1"2") - 9ex(l 2;2"I") , (4.63) 

where 

9 = 400 + 20CJ + 20T- + OCT ; 

(4.64) 
0ex= 00+ 20p + 20.^ + 40^.^ . 

In the Puff-Martin approximation it is convenient to replace the 
expansion of the two-particle functions in exchange operators by an ex­
pansion in singlet and triplet projection operators : 

e= essPsPj+ etsPt'^I+ estP^Pt"+ SttPtPt^ • (4-65) 

where 

P ° = - | ( l - P « ) ; P f = | ( l + P ' ' ) ; 

(4.66) 

4(1-P^) PT= ^ d + p'̂ ) 

If we substitute (4.66) into (4.65) and compare the resul t with (4.62), we 
obtain expressions for 9p, 9^, 9^, and 9̂ .̂̂ . in t e rms of Ggg, 9^^, 0s(-, 
and 9ii. Substitution of these into (4.64) gives 
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i e s s + 4 3st + 4 4 

3 3 9 
^ss " 4 "^ts " 4 ^s t + 4 

(4 .67 ) 

The advantage of the s ing le t and t r i p l e t p r o j e c t i o n o p e r a t o r s is 
t he i r o r thogonal i ty . Because of th is p r o p e r t y , when an e x p r e s s i o n [ s u c h 
as (4.61)] which involves the folding of t w o - p a r t i c l e funct ions is expanded 
in the p ro jec t ion o p e r a t o r s , the c r o s s p r o d u c t s of the o p e r a t o r s v a n i s h , 
and the e x p r e s s i o n holds s e p a r a t e l y for each of the four t ypes of f u n c ­
t ions : s s , t s , St, and t t . Such a s e p a r a t i o n m a y be c a r r i e d out t h r o u g h o u t 
our e n t i r e de r iva t i on , and r e s u l t s in the r e p l a c e m e n t of (4.59) by a c o m ­
binat ion with the s a m e fo rm as (4.67): 

•I t 
symi 

; < • ! r '> + 4 < r | t t , | r ' > + - < r | t , t | r '> + 1 < r | t t t r ' > 

1 ^ 
4 ^ ^ 

U s s | - r ' > + I < r | t t 3 | ^'> + i < r | t 3 t l r ' > rl ttti - r ' > , (4.68) 

whe re the t ' s on the r i g h t - h a n d s ide a r e two-body s c a t t e r i n g m a t r i c e s 
co r r e spond ing to the i n t e r p a r t i c l e po t en t i a l s Vgg, v^g, Vgt. and v^t. 

The equa t ions (2.29) and (2.33), which e x p r e s s the p a r t i c l e and 
ene rgy dens i t i e s in t e r m s of A(o3), a r e exac t and s t i l l va l id . (They m u s t 
s t i l l be mul t ip l i ed by a d e g e n e r a c y f ac to r of four . ) T h u s , in s u m m a r y , 
we have the functions A and V d e t e r m i n e d by (4.48) [or (4.53) and (4 .54)] , 
(2.19), (4.58), and (4.68), w h e r e the p a r t i c l e and e n e r g y d e n s i t i e s a r e 
given by (2.29) and (2.33). 

IV. 2 - The Homogeneous Case 

To obtain equat ions for the homogeneous c a s e we i n t r o d u c e the 
spa t ia l F o u r i e r t r a n s f o r m s of A and V as in (2.34) and (2.35): 

A(r r 'o.) e i p - ( r - r ' ) A(p 03) 
(4 .69) 

a n d 

V ( r r ' a 3 ) = r i £ P l e i p - ( r - r ' 
J (2 7r)' 

The t r a n s f o r m a t i o n of (4.48) g ives 

V(p03) 

- 5 ^ - V(p 03)1 2 m 
A(p iij) = 0 

(4 .70) 

( 4 . 7 1 ) 
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a n d ( 2 . 1 9 ) a g a i n b e c o n n e s ( 2 . 3 7 ) : 

dcD 

/ 277 
•A(p 03) = 1 (4.72) 

H o w e v e r , ( 2 . 4 0 ) a n d ( 2 . 4 1 ) a r e n o l o n g e r c o r r e c t , s i n c e t h e e n e r g y d e p e n ­

d e n c e of V(p03) p r e v e n t s ( 2 . 4 0 ) f r o m s a t i s f y i n g ( 4 . 7 2 ) . 

W e m i g h t e x p e c t t o r e s o l v e t h i s d i f f i c u l t y by m u l t i p l y i n g ( 2 . 4 0 ) b y 

a n u n k n o w n f u n c t i o n of p a n d u s i n g ( 4 . 7 2 ) t o d e t e r m i n e t h i s f u n c t i o n . U n ­

f o r t u n a t e l y , t h i s p r o c e d u r e i s t h w a r t e d b y t h e f a c t t h a t ( 4 . 7 2 ) i n v o l v e s 

A ( p CD) f o r a l l 03, w h e r e a s ( 4 . 7 1 ) i s v a l i d o n l y i n t h e r e g i o n of 03 w h e r e 

V(p03) i s c o n t i n u o u s a c r o s s t h e r e a l a x i s . F o r t h i s r e a s o n , w e m u s t r e s o r t 

t o s o l v i n g t h e g e n e r a l e q u a t i o n s ( 4 . 5 3 ) a n d ( 4 . 5 4 ) f o r a r b i t r a r y 03 a n d r e ­

d u c i n g t h e s e r e s u l t s f o r t h e c a s e i n w h i c h V(o3) i s c o n t i n u o u s . 

F o r t u n a t e l y , t h i s p r o c e d u r e i s s t r a i g h t f o r w a r d ; t h e F o u r i e r t r a n s ­
f o r m of ( 4 . 5 3 ) g i v e s d i r e c t l y 

G ( p 0 3 ) 
1 

Znn 

s o t h a t ( 4 . 5 4 ) b e c o m e s 

A ( 0 3 ) = i 

o:>-f--V{puy) 
(4.73) 

CD - l e - ^ - V(p ,03 - i e ) 03 + i e - : ^ - V ( p , 0 3 + i e ) 
2 m 2 m 

(4.74) 

In t h e s p e c i a l c a s e i n w h i c h V i s c o n t i n u o u s a c r o s s t h e r e a l a x i s , t h i s 

e x p r e s s i o n i s n o n z e r o o n l y i n t h e n e i g h b o r h o o d of CD = h ( p ) , w h e r e h ( p ) 

s a t i s f i e s 

h ( p ) 
2 m 

+ V ( p , h ( p ) ) (4.75) 

[ w e a s s u m e h ( p ) i s s i n g l e - v a l u e d ] . T h e r e f o r e , w e nnay r e p l a c e V(po3) i n 

( 4 . 7 4 ) b y t h e f i r s t t w o t e r m s of i t s T a y l o r e x p a n s i o n a b o u t 03 = h ( p ) : 

V ( p o 3 ) - V ( p , h ( p ) ) + ( 0 3 - h ( p ) ) ^ V ( p , h ( p ) ) 

o b t a i n i n g t h e s o l u t i o n ' - ' ' 

( 4 . 7 6 ) 

l - ^ V ( p , h ( p ) ) A ( p 0:1) = r-

= 27T p ( p ) 6 ( 0 3 - h ( p ) ) 

1 

CD - h ( p ) - i e - h ( p ) + i e 

(4.77) 



vhere 

P(P) i -Av(p ,h(p) ) (4.78) 

To e x p r e s s V(p 03) in t e r m s of A(p 03) we m u s t ob ta in the F o u r i e r 
t r a n s f o r m of (4.58). If we i n t roduce the F o u r i e r t r a n s f o r m of a s c a t t e r m g 

m a t r i x as 

< r | t ( 03 ) | r ' > = 
(dp)(dp') ^ i p . r < p | t ( ^ ) | p . > e - i P ' - r ' (4 .79) 

( 2 ^ ) ^ 

then, using (4.69), (4.70), and (4.79), we m a y t r a n s f o r m (4.58) into(5) 

V(pi03) =f ^ I (dp ̂ '^ 2 

(Pi + Pz) 
t \ 03 + 0 3 ' -
s y m \ 4 m 

Pl -Pz 
> 

ZTT 

X A(p2 (ii 

To fac i l i ta te the deve lopmen t s of Sect ion IV.4 we w r i t e t h i s equa t ion as 

4 .80 ) 

V(pi03) 
1^ dc 
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(dp2) K(p i ,p2 ,W+0j ' ) A(p203') (4.81) 

vhere 

dfl P1-P2 
K(PiP203) = j ^ < - 2 

dfl 

s y m 

(Pi + Pa)' 
4 m 

Pl -P2 (4.82) 

and I is a s p h e r i c a l ave rag ing ove r the angle be tween pj and P2. 
' 47T 

Subst i tut ion of (4.7 7) into (4.81) g ives 

V(pi03) = J (dp2) K(pi,p2,03 + h(p2)) P(P2) (4.83) 

w h e r e F is the r eg ion of m o m e n t u m s p a c e w h e r e ;(i - h ( p ) > 0 . As in the 
H a r t r e e c a s e , we a s s u m e th is r e g i o n to be a s p h e r e \ 1 2 ) and d e s i g n a t e i t s 
r ad iu s as the F e r m i m o m e n t u m p£, which m u s t sa t i s fy jJ. - h(pf) = 0 o r 

2 

M = l^(Pf) = ^ + V(pf,h(pf)) (4 .84) 
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The s i m u l t a n e o u s so lu t ion of (4 .83) , (4 .78) , and (4.84) i s s imp l i f i ed 
by i n t r o d u c i n g a p o t e n t i a l funct ion of m o m e n t u m a lone : 

V(p) = V(p,h(p)) . 

In t e r m s of t h i s funct ion , (4.83) b e c o m e s 

V(Pi) 

(4.78) b e c o m e s 

p(pi) = 1 - r 
- o/jpzKpf 

and (4.84) b e c o m e s 

P21< Pf 
(dP2) K ( P i , P 2 , 2 i ^ + V(pi )+V(p2))p(p2) 

(dpz) • | ; ; K : ( P I , P 2 , ^ ^ ^ + v ( p i ) + v ( p 2 ) ) p ( p 2 ) 

2 

Pf_ 
2m 

+ V(pf) . 

(4.85) 

(4.86) 

(4.87) 

(4.88) 

In add i t ion , by subs t i t u t i ng (4 .69) , (4.75) , and (4.77) into (2.29) and (2 .33) , 
we m a y ob ta in e x p r e s s i o n s for the p a r t i c l e and e n e r g y d e n s i t i e s : 

p |<Pf 

(dp) 
(27r)^ 

and 

(dp) 

| p | < P f ( ' ^ ) ' 

p(p) 

l;^4^(p) p(p) 

(4.89) 

(4.90) 

With the s u b s t i t u t i o n of (4 .82) , t h e s e equa t i ons a g r e e wi th t hose ob ta ined 
for the h o m o g e n e o u s c a s e by Puff.(2) 

We wi l l not a t t e m p t to ob ta in the g e n e r a l r e q u i r e m e n t s for s a t u r a ­
t ion , w h i c h a r e e x t r e m e l y c o m p l i c a t e d in t h i s a p p r o x i m a t i o n . It i s suff i ­
c ien t to note tha t e q u a t i o n s (4.86) and (4.87) a r e s e n s i t i v e to the d e t a i l e d 
shape of the i n t e r p a r t i c l e p o t e n t i a l , so tha t the d i l e m m a w h i c h a p p e a r e d 
in the H a r t r e e - F o c k c a s e no l o n g e r o c c u r s . 

F o r a g iven p£, the s i m u l t a n e o u s e q u a t i o n s (4.86) and (4.87) d e t e r ­
m i n e the func t ions V(p) a n d p ( p ) , wh ich , in t u r n , d e t e r m i n e the c h e m i c a l 
p o t e n t i a l , and the p a r t i c l e and e n e r g y d e n s i t i e s t h r o u g h equa t i ons (4.88) to 
(4 .90) . We wi l l p o s t p o n e the d e t e r m i n a t i o n of the z e r o - p r e s s u r e point unt i l 
the next s e c t i o n , and l i m i t o u r s e l v e s for the m o m e n t to d e t e r m i n i n g /i , p , 
and e a s func t ions of p£. 



To keep the n u m e r i c a l so lu t ion of t h e s e e q u a t i o n s r e a s o n a b l y 
t r a c t a b l e , it is n e c e s s a r y to choose an i n t e r p a r t i c l e p o t e n t i a l for wh ich 
the s c a t t e r i n g m a t r i x m a y be found a l g e b r a i c a l l y . We follow Puff(2) in 
choosing a po ten t i a l which is the s u m of t h r e e s e p a r a b l e t e r m s , an S-
s t a t e h a r d she l l and two Y a m a g u c h i p o t e n t i a l s ( l 3) ac t ing on s i ng l e t and 
t r i p l e t spin s t a t e s : 

V = vc + VycPs°+ VytPf , (4.91) 

w h e r e 

a n d 

v J r r ' ) = ^^"^ p A . , ( r - r , ) 6 { r ' - r J (4.92) 
^ Xj,-*a> 2m r r ' 

v ^ ,i ( r r ' ) - -JL ^^ °^ t _1_ - g g o r t r ^-a s or t^ ' ( 4 , 3 ) 
Vy(s or t) i r r ; 2 m r r ' ' ^ ^^ ' 

Since th is po ten t ia l is independen t of i so top ic sp in , the s e t of 
four po ten t i a l s in the full s i n g l e t - t r i p l e t e x p a n s i o n of v c o n s i s t s of p a i r s 
of equal funct ions . C o m p a r i s o n of (4.91) wi th the g e n e r a l e x p a n s i o n (4.65) 
shows that 

V S S = V g t = Vg Vg = V c + V y s 

w h e r e (4.94) 
^ t s = n t = Vt Vt = Vc + Vyt 

A s i m i l a r equal i ty r e l a t e s the four s c a t t e r i n g m a t r i c e s tgg, t g j , t^-g, and 
t t t ' ° ^^^ m a t r i c e s tg and t^ d e r i v e d f r o m Vg and v j . F u r t h e r m o r e , s i n c e 
v(r r ' ) = v(r, - r ' ) f o r both p o t e n t i a l s , we have < r | t | r ' > = < r | t | - r ' > for e a c h 
of the four t ' s . This r e d u c e s (4.68) to 

^ r | t g y j r ' > = 1 [ < r | t g t | r ' > + < r | t t g | r ' >j 

= 1 [ < r | t g | r ' > + < r | t t | r ' >] (4.95) 

so that the effects of spin and i so top ic sp in a r e a c c o u n t e d for by s i m p l y 
summing the s c a t t e r i n g m a t r i c e s for s ing le t and t r i p l e t sp ins and m u l t i ­
plying by 3 /2 . 

The m a t r i c e s tg and tj a r e d e t e r m i n e d by e q u a t i o n s (4.28) to (4.30) 
(in the l o w - t e m p e r a t u r e l im i t ) . The so lu t ion of t h e s e e q u a t i o n s for the 



p o t e n t i a l s in (4.92) to (4.94) i s conven i en t l y e x p r e s s e d by s e p a r a t i n g the 
e n e r g y and s p a c e d e p e n d e n c e of the t ' s . In th i s f o r m the so lu t ion is 
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t(03) 
1 

2m7r 
e y y ( 0 3 ) T y y + O y ^ ( 03 ) T y ^ t 9 ^ ^ ( 0 3 ) T ^ 

w h e r e 

< r T r ' > 

g- a r g - a r ' 

e - a ' - 6 ( r ' - r c ) + e 

6 ( r - r e ) 6 ( r ' - r^) 

(4.96) 

(yy) 

• « ' 6 ( r - r c ) (yc) , (4.97) 

(cc) 

< P | T | P ' > = - < 
•n 

a^ + p^ a^ + p ' 
(yy) 

1 s in p ' Tr s in pr , . 1 , , , . „ „ , 

+ p2 P' P a^ + p '^ 

s in p r e s in p ' r ^ 

a ' + P' 

and 

0(O3) 
TT^X 

a ( a -f 7)^ 

- 2 7 r 

1 - e 
- 27 rc 

7 1 - e 

7 T ' X 

a ( a + 7 )' 

and 

(cc) 

47T^X , - 7 r 

(yy) 

(e ''f 

2Tr̂ :V , -Ti-c - a r c , , , 

(cc) (4.99) 

7 = y-mCD (4.100) 

T h e s e e x p r e s s i o n s m u s t be e v a l u a t e d s e p a r a t e l y for the s ing le t and t r i p l e t 
spin s t a t e s (us ing ttg, Xg for tg , and a^., A.̂ . for t^) and the r e s u l t i n g m a t r i c e s 
c o m b i n e d a c c o r d i n g to (4.95) to ob ta in tg 

"•sym' 

.(2) Puff^ h a s c o m p u t e d v a l u e s of the p a r a m e t e r s of v by f i t t ing t h e m 
to v a r i o u s s c a t t e r i n g d a t a and the binding e n e r g y of the d e u t e r o n . To p e r m i t 
the c o m p a r i s o n of r e s u l t s , we have u s e d h i s p a r a m e t e r s , wh ich a r e e q u i v a ­
l en t (in our un i t s ) to 



ttg = 2.004 f ' Xg = 3.64037 f"̂  

Ot = 2.453 f-' Xt = 8.6949 f"̂  
(4.101) 

The IBM 704 was p r o g r a m m e d to so lve the e q u a t i o n s for h o m o g e ­
neous m a t t e r for an i n t e r p a r t i c l e p o t e n t i a l of the f o r m j u s t d i s c u s s e d . By 
us ing Gauss i an q u a d r a t u r e f o r m u l a s , equa t i ons (4.86) and (4.87) w e r e a p ­
p r o x i m a t e d by non l inea r m a t r i x e q u a t i o n s . T h e s e equa t i ons w e r e so lved 
by the following method: 

1) The k e r n e l K(piP203) and i t s f i r s t two d e r i v a t i v e s wi th r e s p e c t 
to 03 a r e obtained by n u m e r i c a l i n t e g r a t i o n of the s c a t t e r i n g m a t r i x t g y m 
and i t s d e r i v a t i v e s , a s in (4.82). 

2) By m e a n s of th i s k e r n e l a t ab le of V(p) and p(p) i s ob ta ined 
by solving the m a t r i x equa t ions c o r r e s p o n d i n g to (4.86) and (4.87) for a 
p a r t i c u l a r va lue of pj . This i s done by i t e r a t i o n of a m u l t i d i m e n s i o n a l 
Newton-Raphson p r o c e d u r e . 

3) F r o m th i s tab le the c h e m i c a l po ten t i a l , p a r t i c l e dens i t y , and 
e n e r g y dens i ty a r e obta ined by us ing (4.88) to (4.90). 

4) The e n t i r e p r o c e d u r e is r e p e a t e d for a r a n g e of v a l u e s of p£. 

This p r o g r a m was run with the u s e of the p o t e n t i a l p a r a m e t e r s in 
(4.101). The r e s u l t s of the ca l cu l a t i ons a r e shown in F i g u r e s 5 to 8 and 
tabula ted in Appendix B. F i g u r e s 5 and 6 show the v a l u e s of e, p , jJ., 
E / N = e / p , and d E / d N = d e / d p (computed f r o m the v a l u e s of e and p) 
as functions of pf. F i g u r e s 7 and 8 show V(p) and p(p) for s e l e c t e d 
va lue s of p£. The r e s u l t s for E / N a p p e a r to a g r e e with t h o s e g iven by 
Fa lk and Wilets(^4) for a m o r e l i m i t e d r a n g e of pf. 

As shown in F i g u r e 6, the n u m e r i c a l r e s u l t s v i o l a t e the r e l a t i o n 
II = d E / d N which should hold for exac t r e s u l t s . Th i s f a i l u r e i s p r e s u m a b l y 
a consequence of the a s y m m e t r y of G2 in i t s u n p r i m e d and p r i m e d 
c o o r d i n a t e s . 

IV.3 - Computa t ion of the P r e s s u r e 

The r e s u l t s of our ca l cu la t ion speci fy the p r o p e r t i e s of n u c l e a r 
m a t t e r as functions of the F e r m i m o m e n t u m p£, o r , equ iva len t ly , of the 
dens i ty . We m u s t now d e t e r m i n e the point on t h e s e c u r v e s which c o r r e ­
sponds to z e r o p r e s s u r e . In Chap te r I we d e r i v e d two e x p r e s s i o n s for 
the p r e s s u r e : (1.23), 

P = P j f - e . (4.102) 
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and (1.24), 

P = p/Lt- e . (4.103) 

(Both of these expressions should be multiplied by a degeneracy factor of 
four.) 

Unfortunately, since our approximation violates the relation 
II = d c / d p , equations (4.102) and (4.103) lead to different values of the 
pressure and thus to different densities for uncompressed mat te r . We 
will refer to (4.103), which was used in reference 2, as the ii p ressu re 
and to (4.102), which has been used by Falk and Wilets,(l4) as the F-W 
pressure . The corresponding values of pf at zero p ressu re will be called 
the 11 and F-W zero points. 

In choosing between expressions for a quantity which differ only 
because of the approximate nature of a calculation, it is impossible to 
single out one relation as correct in any absolute and general sense. 
Indeed, we can see no reliable basis for preferring either (4.102) or 
(4.103) and suggest that the discrepancy between resul ts at the two zero 
points should be viewed as a reflection of the inaccuracy which is inherent 
in the approximation. 

However, for the specific purpose of extending the Puff-Martin 
approximation to an inhomogeneous system, the choice of p ressu re ex­
pressions is no longer arbi t rary. This fact stems from the resul t of 
Chapter I that an inhomogeneous solution will exist only if the homogeneous 
solution which acts as a boundary condition on the inhomogeneous solution 
is evaluated at zero pressure . More precisely, the existence of a t ime-
independent inhomogeneous solution requires that the p re s su re be the 
same throughout the volume of the system. (Thus the p ressu re inside the 
surface must equal the pressure outside, which is zero.) This implies 
that we must choose a pressure expression which directly insures (for 
the approximate equations) that spatial conservation of p ressure will r e ­
sult in a time-independent solution. We will see that this requirement 
leads to a pressure expression which is based on the definition of p r e s ­
sure in terms of the local t ransport of momentum, and which differs from 
either the /i pressure or the F-W pressure . 

To derive an expression for the p ressure from local t ransport 
considerations, we begin by expressing the local momentum density in 
terms of Gj: 

^ ( ^ t ) = i . ^V^r ( ^ -^ • )<^+( r ' t ) ^^ ( r t )>= - i ^ V r r ( ' - ^ ' ) G i ( r t ; r ' t + ) . 

(4.104) 



69 

Then the time derivative of the momentum density is 

3 -- , , i lim , 
§ I ^ ( r t ) = 2 r . ^ r (^ -^ ' 

t'-*t+ 

Gi(rt; r ' t ' ) (4.105) 

To obtain an expression for the p ressure , we must write (4.105) as the 
negative divergence of a s t r ess tensor; the pressure will then be the 
average diagonal element of the s t ress tensor. By proceeding in this 
manner, we may insure that spatial conservation of the pressure will be 
a necessary condition for the time independence of Gj (i.e., independence 
of the total time t + t ' ) , since time independence will require that (4.105) 
vanish, which will, in turn, require that the s t ress tensor and, therefore, 
the p ressure be spatially constant. 

The essential point is that in deriving the s t ress tensor we must 
use equations which hold for the Puff-Martin approximation rather than 
for an exact calculation, since it is the approximate G, which must be 
time independent. In part icular , to obtain the derivative SCj/St ' in 
(4.105) we cannot use the adjoint of equation (4.1), since the asymmetry 
of our approximate G2 in its unprimed and primed coordinates implies 
that the adjoint of (4.1) will not be satisfied. Instead, we may use the 
adjoint of (4.35): 

_a 
St' 

V'2 
+ r—+ /i 2m 

Gi(tt') - Gi(tt') Vo - j dt" Gi(tt") U(t"t') = 6(t t ') . 

(4.106) 

since the symmetry of VQ and U insures that (4.35) will imply its adjoint. 

By substituting (4.35) and (4.106) into (4.105), we obtain 

1^ ^(^') 1 lim ( ^ . ^ , , V l ^ 
2 r'-* r I 2m 

Gi(tt+) - Vo Gi(tt+) + Gi(tt+) Vo 

- J^ dt" ru(tt") Gi(t"t+) - Gi(tt") U(t"t+) j (4.107) 

and the usual transformation from a time to an energy description gives 

ft $^(-) = ^ 
lim 

2 r ' ^ r 
( V - V ) ^ 

d03 

ZTT 2m 
A(03) - V(03) A(03)-I- A ( O 3 ) V(03) 

(4.108) 



We then w r i t e the t i m e d e r i v a t i v e of ^ as a nega t ive d i v e r g e n c e of a s t r e s s 
t e n s o r T, and divide T into a k ine t i c and a po ten t i a l p o r t i o n : 

^ ^ ( r t ) = -V-T(r ) = - V [T(°)(r) + T ( 0 ( r ) ] , (4.109) 

w h e r e 

VT(°) ( r ) = - i l i - ( v - v ) r ^ ^ ^ ^ A ( r r ' 0 3 ) (4.110) 
v - ' ^'•' 2 r ' ^ r ^ / 27T 2m 

and 

V - T ( 0 ( r ) 4 ; - (V-V) r ' ^ 

Mdr") [ v ( r r " 0 3 ) A(r"r '03) - A(rr"03) V(r"r '03)J . (4.111) 

Equat ion (4.110) d e t e r m i n e s the k ine t i c p o r t i o n of the s t r e s s 
t e n s o r to be 

T(°)(r) = - 1 - i - V r ( V - V ' ) ( V - V ) r ^ 1 ; A(rr.a3) . ( 4 . 1 1 2 ) 

However , the poten t ia l con t r ibu t ion to ^ ^ / S t cannot be g e n e r a l l y e x p r e s s e d 
as a d i v e r g e n c e . N e v e r t h e l e s s , for a s h o r t - r a n g e po t en t i a l , it is p o s s i b l e 
to e x p r e s s th is con t r ibu t ion as a d i v e r g e n c e in a r e g i o n of l o c a l un i fo rmi ty . 
This may be done by in teg ra t ing the po ten t i a l c o n t r i b u t i o n o v e r a m a c r o ­
scopic reg ion . We f i r s t use (4.58) to w r i t e (4.111) in t e r m s of the s c a t t e r ­
ing m a t r i x and s p e c t r a l function as 

| < r i r2 |T(a3 + m ' ) | r ; ' r i > ACrirjCD') A( r ; ' r ;m) - A(r,r ; 'cu) <r; ' r2 |T(cD+ CD')] r l r j > ACrjrjCU')! 
(4.113) 

w h e r e 

< r i r 2 | T ( 0 3 ) | r ; r l > = [ i ^ e i P - ( R - R ' ) < r l t g y ^ ( 0 3 - P y 4 m ) l r ' > . (4.114) 
J (Z-n) ' 

Now, s ince T is independent of Gj, it i s a spa t i a l l y h o m o g e n e o u s funct ion, 
even for a s y s t e m which is i n h o m o g e n e o u s . Using th i s fact and the s y m ­
m e t r y of T and A in u n p r i m e d and p r i m e d c o o r d i n a t e s , we ob ta in 

V T ( i ) ( r J = / ( d r ; ' ) ( d r 2 ) ( d r i ) < r , r2 lT [ r^ r ; > [" V, + Vl'+ V2 + V J A( r ' r2 ) A( r ; ' r ^ 

(4.115) 
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(where the energy variables and integrations have been omitted). 

If we introduce the change of variables 

r, = R rJ' = R - r 
(4.116) 

r2 = R' - r ' r^ = R' 

then the integral of the potential contribution over a macroscopic region 
V may be written as 

j y (dR) V - T ( ' ) (R) = j (dR')(dr)(dr') j .^(dR) < R,R' - r' | T | R - r, R' > 

X [ - V R + VRI - 2 Vr] A ( R ' , R ' - r ') A ( R - r,R) . (4.117) 

Then, by using a second change of variables, 

R = R - r R' = R' - r ' 
(4.118) 

F = - r r ' = - r ' , 

and again employing the symmetry of T and A, we obtain 

j y (dR) V T ( ' ) ( R ) = J (dR')(d7)(d7') j . ^ , (dR)<R,R' - 7' | T | R - 7 ,R '> 

X [ V R +VRI + 2 V F ] A(R' ,R' - 7') A ( R - r , R ) , (4.119) 

where V is the region of R such that R - r is in V. By averaging (4.117) 
and (4.119) we may write the integral as two t e r m s : 

/ (dR) V - T ( ' ) ( R ) = I + I' , (4.120) 

which are 

I = / (dR')(dr)(dr') /^ (dR) < R,R' - r ' | T | R - r, R'> V R , A ( R ' , R ' - r ') A( r . - r ,R ) 

(4.121) 
and 

I' = i / (dR')(dr)(dr ' ) / , _^ (dR) <R,R' - r ' | T | R - r , R ' > 

[ V R + V R , + 2 Vr] A(R',R' - r ') A(R - r, R) . (4.122) 



Now consider I. Using part ial integration and the fact that VR T = 
-VRI T, we may write this integral as 

I = / ( d r ) ( d r ' ) / ( d R ' ) / y (dR) A ( R l R ' - r ' ) A ( R - r , R ) i 

[Vj^- Vj^,] <R,R' - r ' | T | R - r , R ' > . (4.123) 

In this form the integrand is antisymmetric under the interchanges R '̂-^R' 
and r-*-*r', so that the portion of the integral which a r i ses from R' in V 
vanishes, and we may limit R' to the region outside V. Then, since the 
integrand vanishes when R-R' is macroscopically large, we find that R 
and R' are limited to a region near the surface of V. For a portion of this 
region where the system has local uniformity we may write the integra­
tion as 

r r r r fl - n - (R-R ' )<0 
inon-V ^^^'^ i v ('̂ ^^ =- h ^ '^•j (1^ - R') <̂ (R - 1^'M 

0 ; n - (R-R ' )>0 , 
(4.124) 

where S is the surface of V and n is a unit vector normal to the surface 
in the outward direction. Thus, using the antisymmetry of the integrand, 
we have 

I = / d S n - j - i y d ( R - R ' ) ( d r ) ( d r ' ) ( R - R ' ) A(R ' ,R ' - r ' ) A ( R - r , R ) i 

[ V R - VR, ] < R , R ' - r ' | T | R - r , R ' > | , (4.125) 

where the quantity in brackets is identified as the I-contribution toT(0(R). 

Next, consider I'. In this case, the vanishing of the integrand for 
macroscopically large r limits the integration over V'-V to a region near 
the surface of V, and for a locally uniform portion of this region we have 

j^,.^{A^)--j ASn-r , (4 126) 

so that 

I' = / d S n - | i J(dR')(dr)(dr ' ) r < R , R ' - r ' | T | R - r, R'> 

[VR-hVR,-h2VJ A(R' ,R ' - r ' ) A ( R - r , R ) j , (4 127) 

where the quantity in brackets is the I '-contribution to T ( 0 ( R ) . 



F o r a h o m o g e n e o u s s y s t e m (or wi th in a loca l ly u n i f o r m r e g i o n ) , A 
wi l l depend only upon the d i f f e r ence of i ts s p a t i a l c o o r d i n a t e s , so that the 
g r a d i e n t s V R and V R , in the I ' - c o n t r i b u t i o n wi l l v a n i s h . Then , by us ing 
p a r t i a l i n t e g r a t i o n on the I ' - c o n t r i b u t i o n , we m a y w r i t e the c o m b i n e d con ­
t r i b u t i o n as 
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T ( 0 . - 1 
{Zi^f 

^ ^ ^ ^ / d ( R - R ' ) ( d r ) ( d r ' ) A(-r03) A(r'03') 

- - ( R - R ' ) ( V R - V R , ) + 2V^r X <R, R ' - r ' | T ( 0 3 - l - 0 3 ' ) | R - r , R ' > , (4.128) 

which b e c o m e s in m o m e n t u m s p a c e (whe re 6 is the unit t e n s o r ) 

^ J-oo (2 7r)̂  J [Z-ny 

[6 + 2 p V p ] < ^ tgy^io3+o3.-kizini^;-^ > 4 m /I 2 

The s u b s t i t u t i o n of equa t i ons (4.80) and (4.77) r e d u c e s th i s to 

(4.129) 

^ \ 

h 
J.^2^J (2^)3 

r ^""^ p( 
| p |<Pf^ 

(p03) 
• 2 3 ' 
1 + T P T " 3 Op 

V(p03) 

1 + T P ^ -
i op _ 

V(p, h(p)) (4.130) 

Now, the p a r t i a l d e r i v a t i v e of V(p, h(p)) m a y be r e l a t e d to the to ta l d e r i v a ­
t ive of V(p) by 

4 V(p, h(p)) = ^ V(p, h(p)) - ^ V(p, h(p)) ^ h(p) 

(4.131) 

= Tp -(P) - ^ + f V(p) 
m dp 

1 - p - ' ( p ) 

Subs t i tu t ion of t h i s r e s u l t into (4.130) and i n t e g r a t i o n by p a r t s g ives 

4(i-p(p)) ^ + fip(p)-i^ v(p) p | (dp) T ( 0 = 6 ^ - 4 V(pf) + / 
^" j | p | < P f ('^^ L3 

(4.132) 



On the o the r hand, the k ine t i c p o r t i o n of the s t r e s s t e n s o r (4.112) 
for a homogeneous s y s t e m is g iven in m o m e n t u m s p a c e by 

T(O) = 2 5 f" ^ r < ^ ^ A ( p o . ) = ^ 6 / ( ^ ^ p ( p ) . ( 4 . 1 3 3 ) 
3 ' j _ 27r j (2^)3 2m 3 J ^^^^^^ (Z^y Zrr. P'^' 

The p r e s s u r e is then given by the a v e r a g e d iagona l e l e m e n t of the full 
s t r e s s t e n s o r T^ ' + T^ ' ' : 

5 
Pf Pf 

2 + - ^ V(pf) + 
3 0 T r m 67r P | < P f 

(dp ) 
(27T)3 

P(p) - 1 V(p) . (4.134) 

It is th i s e x p r e s s i o n , which we wil l ca l l the L - T ( loca l t r a n s p o r t ) p r e s s u r e , 
which m u s t be used to obtain the z e r o point in the h o m o g e n e o u s - c a s e 
computa t ion which p r o v i d e s the bounda ry condi t ions for the i n h o m o g e n e -

(15) 
ous c a s e . 

A computa t ion of the / i - p r e s s u r e and the L - T p r e s s u r e w a s inc luded 
in the c o m p u t e r p r o g r a m d e s c r i b e d in the l a s t s ec t i on . The n u m e r i c a l 
r e s u l t s for these p r e s s u r e s a r e inc luded in Appendix B and a r e shown in 
F i g u r e 9, along with the F - W p r e s s u r e , which w a s ob ta ined by hand c o m ­
putat ion. It can be seen that the t h r e e p r e s s u r e r e l a t i o n s l ead to d i f fe ren t . 
but s i m i l a r l y behaved, func t ions , wi th P . , < • P T , - T < ^ v -F-W-
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Fig. 9 
Pressiire P as a function of the Fermi momentum pj 
for homogeneous nuclear matter in the Puff-Martm 
approximation, using Eqs. (4.102)(F-W), (4.103)(Ai), 
and (4.134)(L-T). These functions must be multiplied 
by a degeneracy factor of 4. 
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The c o m p u t e r p r o g r a m was then i t e r a t e d (using a me thod d e s c r i b e d 
in Appendix A) to p r o d u c e the v a l u e s of pf and the v a r i o u s n u c l e a r p a r a m ­
e t e r s at the 11 and L - T z e r o p o i n t s . The funct ions V(p) and p(p) at t h e s e 
z e r o po in t s a r e shown in F i g u r e 10 and t abu la t ed in Appendix B. The i m ­
p o r t a n t n u c l e a r p a r a m e t e r s a r e s u m m a r i z e d in Tab le IV, along wi th the 
c o r r e s p o n d i n g p a r a m e t e r s for the F - W z e r o point , which a r e quoted o r 
c a l c u l a t e d f r o m the r e s u l t s of F a l k and W i l e t s . ( l 4 ) 

Fig. 10 
Effective potential V{p) and momentum distribution 
Pip) as functions of p/pf for homogeneous nuclear 
matter in the Puff-Martin approximation, at the 
fl and local transport (L-T) zero points. 

Table IV 

PARAMETERS OF HOMOGENEOUS NUCLEAR MATTER IN THE 
PUFF-MARTIN APPROXIMATION, USING 

VARIOUS ZERO POINTS 

F e r m i m o m e n t u m pf, (f )̂ 
Chemica l potent ia l fi, (Mev) 
Density p ,'^ (f"^) 
I n t e r p a r t i c l e spacing TQ, (f) 
Ene rgy densi ty £ , " (Mev-f )̂ 
Energy per p a r t i c l e c / p , (Mev) 
jl p r e s s u r e P/^. (Mev-f )̂ 
L - T p r e s s u r e P L - T . ' ' (Mev-f"^) 
F-W p r e s s u r e P^.^f/,^ (Mev-f" ' ) 

P r e s s u r e E x p r e s s i o n Set to Z e r o : 

M ( 4 . 1 0 3 ) 

1.8491 
-14.437 

0.09028 
0.871 

-1.3034 
-14.437 

0.0 

0,9073 
1.4 approx 

L-T (4.134) 

1.6865 
-24.028 

0,06991 
0.949 

-1.1903 
-17,026 

-0,4895 
0 ,0 

0.38 apprcx 

F-W (4.102)^ 

1.575 
-27.7 

0,0579 
1,01 

- l .OI 
-17.5 

-0,59 
-0,27 approx 

0 .0 

^Quoted or calculated from results given in reference 14. 

"These quantities must be multiplied by a degeneracy factor of 4. 



Unlike the H a r t r e e c a s e , the p r e s e n t a p p r o x i m a t i o n (at a l l t h r e e 
z e r o poin ts ) g ives a binding e n e r g y p e r p a r t i c l e and d e n s i t y which a r e in 
r e a s o n a b l e a g r e e m e n t with e x p e r i m e n t a l r e s u l t s . It i s p r o b a b l e tha t t h i s 
a g r e e m e n t does not imp ly a s i m i l a r a c c u r a c y in V(p) and p(p) , but the 
r e s u l t s a r e at l e a s t a q u a l i t a t i v e l y va l id d e s c r i p t i o n of n u c l e a r m a t t e r , 
and ind ica te that a r e p u l s i v e c o r e in the i n t e r p a r t i c l e p o t e n t i a l i s p r o b a b l y 
the p r i m a r y agent in caus ing s a t u r a t i o n . 

IV.4 - The E f f e c t i v e - m a s s A p p r o x i m a t i o n 

J u s t a s in the H a r t r e e - F o c k c a s e , we wi l l u s e an e f f e c t i v e - m a s s 
a p p r o x i m a t i o n to obtain the i n h o m o g e n e o u s so lu t ion . In th i s s e c t i o n , we 
inves t iga te the equiva len t a p p r o x i m a t i o n in the h o m o g e n e o u s c a s e . 

As be fo re , we wish to a p p r o x i m a t e the effect ive p o t e n t i a l by an 
even q u a d r a t i c function of m o m e n t u m , so tha t (4.48) m a y be t r a n s f o r m e d 
into a loca l equat ion . It i s i m p o r t a n t to no t i ce tha t (4.48) i nvo lves the 
function V(p 03), so that it is th i s function, r a t h e r than V(p) = V(p,h(p)) , 
which m u s t be q u a d r a t i c in p. 

Thus , we a p p r o x i m a t e V(p05) by 

Vap(P"^) = Vo(o3) + V2(03)p' . (4 .135) 

The quan t i t i e s Vo(o3) and V2(a3) m a y be ob ta ined by the l e a s t - s q u a r e s p r o ­
c e d u r e of equa t ions (2.66) to (2.68). T h i s g ive s 

Vf„i(a3) = 

CI T 3 A (dp) 

1 L E. 
^ n' ' 7 

p5 3 p7 

V(p03) (4.136) 

w h e r e /3 is an unspec i f ied p a r a m e t e r of the weight funct ion (2 .67) . S u b ­
s t i tu t ion of (4.83) and (4.82) y ie lds 

{"1 
(03) = 

w h e r e 

Kfol (Pz."^) = 
G} 

P2 Pf 

(dpz) K|.(,. (p2,03 + h(p2)) P(p2) 

• / ( d P a ) 

Pl 1 i_ 
2 A3 

Pl_ 

1 +1 -Pi 
S^ 3 S ' 

(4 .137) 

x < Pl - Pz 
s ym ^ "̂  • 

(Pl +PzY 
4 m 

Pl - P2 
(4.138) 



77 

T h u s , the r e p l a c e m e n t of V(p 03) by Vo(o.) + V2(oj)p^ 
r e p l a c i n g (4.82) by 

K(PiP2 <^) = Ko(p2 03) -t- K2(p2 03)pi 

m a y be c a r r i e d out by 

pf 

--IT. (dPa) 
_ P3 pf 2 P ! P 3 
3 " .5 - . 5 + 3 p7 

_5 1 

2 (3^ /3= /3 

P3-P2 
' s y m 1 ^ 

(P3 + P2)̂  
4 m 

P3-P2 
> (4.139) 

The r e s u l t i n g equa t ions for the e f f e c t i v e - m a s s a p p r o x i m a t i o n w e r e 
so lved for the L - T z e r o point in the m a n n e r d e s c r i b e d in the p r e v i o u s s e c ­
t ion. As in the H a r t r e e c a s e , the va lue of the weight p a r a m e t e r /3 was d e ­
t e r m i n e d by the r e q u i r e m e n t that the computed va lue of pf equa l the va lue 
obta ined in the exac t c a s e . This led to a va lue of /3 = 0.8931 f"'. The r e ­
su l t s for V(p) and p(p) a r e t abu la t ed in Appendix B and shown in F i g u r e 11, 
a long with the c o r r e s p o n d i n g exac t so lu t ions . Tab le V g ives a c o m p a r i s o n 
of v a r i o u s n u c l e a r p a r a m e t e r s for the e f f e c t i v e - m a s s and exac t so lu t ions , 
and the e f f e c t i v e - m a s s funct ions Vo(o3) and V2(o3) a r e given in Tab le VI 
and F i g u r e 12. 

Fig. 11. Effective potential V(p) and momentum 
distribution ^(p) as functions of p/pf for 
homogeneous nuclear matter in the Puff-
Martin approximation, with and without 
the effective-mass approximation. In both 
cases the local-transport zero point is used. 
The effective-mass functions are indicated 
by a tilde. 



Table V 

PARAMETERS OF HOMOGENEOUS NUCLEAR M A T T E R IN THE 
P U F F - M A R T I N APPROXIMATION, USING THE L O C A L -

TRANSPORT ZERO POINT, FOR THE EXACT AND 
E F F E C T I V E - M A S S SOLUTIONS 

F e r m i m o m e n t u m p£, (f ) 
Chemica l potential ju, (Mev) 
Densi ty p,^ (f"') 
Interpart ic le spacing ro, (f) 
Energy densi ty e ,^ (Mev- f '3 ) 
Energy per par t i c l e e / p , (Mev) 
jl p r e s s u r e Pf i ,^ (Mev-f"' ) 
L-T p r e s s u r e P L - T ' ^ (Mev-f"3) 

Exac t 

1.6865 
-24.028 

0.06991 
0.949 

-1.1903 
-17.026 

-0.4895 
0.0 

Eff. M a s s 

1.6865 
-24.766 

0.06982 
0.949 

-1.2323 
-17.649 

-0.4969 
0.0 

^These quantit ies m u s t be mul t ip l i ed by a d e g e n e r a c y fac tor of 4. 

Table VI 

E N E R G Y - D E P E N D E N T COEFFICIENTS OF THE E F F E C T I V E - M A S S 
APPROXIMATION FOR THE E F F E C T I V E P O T E N T I A L , IN THE 

P U F F - M A R T I N APPROXIMATION FOR HOMOGENEOUS 
MATTER, USING THE LOCAL-TRANSPORT ZERO POINT 

P (£"') 

1.6645 
1.5727 
1.4161 
1.2087 
0.9688 
0.7177 
0.4778 
0.2703 
0.1138 
0.0220 

03 = h(p) (Mev) 

-27 .78 
-39 .82 
-58 .61 
-80 .30 

-100 .99 
-117.71 
-129 .02 
-135 .13 
-137 .50 
-137 ,99 

Vo(a3)^ (Mev) 

- 1 5 9 . 7 8 
- 1 5 6 . 4 2 
- 1 5 1 . 9 0 
-147 .46 
-143 .75 
- 1 4 1 . 0 4 
-139 .32 
-138 .42 
- 1 3 8 . 0 8 
-138 .01 

V2(03)^ (Mev-f2) 

26 .91 
26.41 
25 .78 
25 .23 
24 .83 
24 .55 
24 .39 
24.31 
24 .28 
24 .27 

^See footnote 5. 

50 

40 

50 

60 

1 1 

1 1 

1 1 1 

^'• '*-—VjtUJ) 

-"•"""^ ^ " ' ^ ^ < ^ V o ( w ) ~ 

1 1 1 

Fig. 12 

The coefficients of the effective-mass apptoximatioii 
for the energy-dependent effective potential of 
homogeneous nuclear matter in the Puff-Martin 
approximation (at the local-transport zero point). 
The constant term VQ(W) and the quadratic term 
V2(cJ) are given as functions of OJ (see footnote 5). 

-60 -40 
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IV.5 - The Dens i ty C o r r e l a t i o n F u n c t i o n 

Once the b a s i c funct ions V(p) and p(p) have b e e n ob ta ined for h o ­
m o g e n e o u s m a t t e r , a wide v a r i e t y of n u c l e a r p r o p e r t i e s m a y be c o m p u t e d . 
We wi l l ob ta in r e s u l t s for one s u c h p r o p e r t y , the d e n s i t y c o r r e l a t i o n func ­
t ion , in o r d e r to r e v e a l the c h a r a c t e r i s t i c s of n u c l e a r c o r r e l a t i o n s in the 
P u f f - M a r t i n a p p r o x i m a t i o n . The d e n s i t y c o r r e l a t i o n funct ion f ( r i ^ j , r2C2) 
m e a s u r e s the p r o b a b i l i t y of s i m u l t a n e o u s l y finding a p a r t i c l e at rj w i th 
sp in and i s o s p i n C,^, and a s e c o n d p a r t i c l e at r2 wi th sp in and i s o s p i n t,^-
The funct ion m a y be e x p r e s s e d in t e r m s of G2 a s 

f ( r iC i , r2C2) = - G^{r,t„ t r2C2t ; r iC , t+ r2 ^21-* (4.140) 

The d e p e n d e n c e on i n t e r n a l v a r i a b l e s is as fo l lows ; l e t j be the 
sp in c o o r d i n a t e and k the i s o s p i n c o o r d i n a t e . Then 

-•tt 

J (Gst + Gtt) 

^ -p (Gfs + Gtt) 

(G.s. + G , , -̂  G , , + G„) St 

Jl = J2. 

Jl / J2. 

Jl = J2. 

Jl / J2. 

k, = k j 

ki =k2 

k i / k 2 

k i / k 2 

(4.141) 

w h e r e the s u b s c r i p t s i nd i ca t e s ing le t and t r i p l e t m a t r i x e l e m e n t s of G2. 
We a l s o note tha t if X ( l 2 1 ' 2 ' ) = X ( l 2 2 ' 1'), t hen the m a t r i x e l e m e n t s obey 

X 3 ^ ( 1 2 1 ' 2 ' ) = X 3 3 ( 1 2 2 ' 1 ' ) 

X t 3 ( l 2 1 ' 2 ' ) = - X t s ( l 2 2 ' I ' ) ; 

T h u s , e q u a t i o n (4.10) b e c o m e s 

G 2 ( 1 2 ; 1 ' 2 ' ) = 

X g j l 2 1 ' 2 ' ) = - X s t ( l 2 2 ' !•) 

Xt t ( l 2 1' 2 ' ) = Xtt( l 2 2' 1') 
(4.142) 

/ [ d l " ] [ d 2 " ] n( l 2; 1"2") [ G i ( l " ; I ' ) G i (2" ; 2 ' ) - e Gi( l " ; 2 ' ) Gi(2" ; 1')] , 

(4.143) 

w h e r e e i s I for s s or t t - f u n c t i o n s and - I for t s o r s t - f u n c t i o n s . T h e n , 
us ing (4 .12) , we ge t 

G^( r i t r j t ; r i t+r2t+) = | (dr ; ' ) (dr i ' ) j d t" n ( r i r 2 t ; r l ' r ^ t " ) 

X [G , ( r ; ' t " ; r , t+) G, ( r ; ' t " ; r2t+) - e Gi ( r ; ' t " ; r2t+) G,(r ; ' t" ; r i t+ ) ] (4.144) 



By p e r f o r m i n g the u sua l t r a n s f o r m a t i o n to an e n e r g y r e p r e s e n t a t i o n 

we may obtain 

f ( r , - r 2 ) = p ^ - 4 ['' J^ Mr.r.A' - f " ^ L[C{r,r,,i, - ie) - C{r,r,a.^ ie)] 

^-^-^ ^ ^'^ (4.145) 

whe re 

C(rir203) = / ( d r l ) ( d r ^ ) ( d r ; ' ) ( d r ; ' ) A°(rir2r;r^03) <r;r^ |T(o3) | rj ' r^ '> A(r;'r^'rir203), 

(4.146) 

whe re T is f o r m e d f rom a s y m m e t r i z e d o r a n t i s y m m e t r i z e d c o m b i n a t i o n of 
s c a t t e r i n g m a t r i c e s for the a p p r o p r i a t e s p i n - i s o s p i n s t a t e , and 

A(rir2rir203) = 

/"d03id032 A(ririo3i) A(r2r2a32) / i ,_ iT , A 1 . , I T , ,"1 
-^- t anh — (03, - /i) -I- - t a n h - r - (032- / i ) r 

J (27T) 03-031-032 l ^ 2 2 2 J 
(4.147) 

and s i m i l a r l y for A°. However , s ince in the l o w - t e m p e r a t u r e l i m i t A° and 
T a r e continuous for 03< 2;.i, the effect of taking the d i s con t inu i ty of C a c r o s s 
the r e a l axis is s imply to r e p l a c e A by the c o r r e s p o n d i n g s p e c t r a l funct ion, 
which is (at z e r o t e m p e r a t u r e ) 

d 0 3 ' / 1 03 \ / , 03 \ 

- ^ A(^r i r i ,Y+ 03'j A(^r2r2,Y- 05'j . (4.148) 

By t r a n s f o r m i n g into m o m e n t u m s p a c e we m a y r e d u c e f to 

Pl-PzL/ ' (Pl + P2)^\ |P1-P2 
'(dp,)(dp,) ft^ da3ida3,<P + — 2 - r r ' - ^ " ^ ^ - 4n, j [ "S"^ r (dPi)(dp,) rf 

J (2Tr)' j . „ ' ^ a , . . a , . - ^ ( p , . p ) ^ - ^ ( p , - p ) ^ 

(4.149) 
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where 

<p|'t|p'> = <p|tip'> - £<p|t|-p'> . (4.150) 

The substitution of (4.77) reduces this to 

Hr)-p^-e\f gPle ip- rp(p) |%riM-eip-

Pi-Palr (,„- ^ . ,w- ^ , (Pi 'Pz)'^! Pi-Pz , (dp.)(dp,)<P + ^y- ' | t ^V(p . )+V(p2) + - ^ ^ ^ j | ^ ^ . > 
p(Pi) PlPz) 

|Pi|,|p.[<Pf * ' " ' V ( p . ) . V ( p , ) - i ^ p . ( p . - p , . p ) 

(4.151) 

Now consider the various combinations (4.141) of matrix elements 
which appear in f. For our particular choice of a potential, which satis­
fies (4.94) and <p|t|p' > = < p|t| -p' >, the dependence of f on internal vari­
ables is considerably simplified. The second term in (4.151), which 
describes exclusion effects, vanishes for unlike particles, whereas the 
third term vanishes for identical particles, which are excluded from the 
S-state and do not interact. For unlike particles, the combinations of the 
singlet and triplet scattering matrices which form t are 

spin isospin 

opposite same t = tg 
same opposite t = tt 
opposite opposite t = 1/2 (tg-I-tt). (4.152) 

The four correlation functions, as calculated for the local-transport 
zero point (without the effective-mass approximation) are tabulated in 
Table VII. They are also shown in Figure 13, along with the function 

N ( r ) = i r ( d r ' ) X f ( r ' O • (4.153) 

'^Jlr'Kr r, 

which gives the expected number of additional particles to be found within 
the distance r of a given particle. It can be seen that there is only a 24% 
probability of finding an additional particle within 0.7 fermi, which is the 
approximate distance at which correlation effects other than the exclusion 
principle begin to play a major role. In view of this result, it can be ex­
pected that correlations of more than two particles should be sufficiently 
rare as to have only slight effects on nuclear properties. 



DENSITY CORRELATION FUNCTION FOR HOMOGENEOUS MATTER IN THE PUFF-MARTIN 
APPROXIMATION, USING THE LOCAL-TRANSPORT ZERO POINT 

r Ifermil 

Correlation Function (fermi"'') for: 

spin; same opposite 

isospin: same same 

0.3 

0.45^ 

0.6 

4.5 

J 

0.000028 
0.000110 
0.000244 
0.000427 
0,000535 
0.000653 

0.001208 
0.001522 
0.001851 
0,002185 
0.002843 
0.003708 
0.004605 
0.004877 
0.004869 
0.004852 
0.004873 
0.004887 

0-011229 
0.008197 
0,005577 
0.O03280 
0.001228 
0.000272 
0-001733 
0,003545 
0.004495 
0,004985 
0005220 
0.005315 
0.005309 
0.005166 
0.004986 
0-0O4915 
0.004894 
0.004888 
0.004887 
0.004887 

same 

opposite 

0.023994 
0,017014 
0.011210 
0.006326 
0.002151 
0.000272 
0.002138 
0.0O4315 
0.005329 
0,005755 
0.005882 
0.005858 
0.005646 
0.005311 
0.005012 
0,004917 
0.004893 
0.0O4888 
0,004887 
0,004887 

opposite 

opposite 

0017612 
0,012605 
0.008393 
0.004803 
0,001689 
0000272 
0,001936 
0.003930 
0,004912 
0.005370 
0005551 
0,005586 
0.005478 
0.005239 
0.004999 
0.004916 
0,004893 
0.004888 
0.004887 
0.004887 

Fig. 13 
Density correlation function f(r O ^^d its integral 
N(r) as functions of the distance r, for homogeneous 
nuclear matter in the Puff-Martin approximation 
(at the local-transport zero point). The density 
correlation function is given for particles with the 
same spin and isospin (S-S), opposite spin and same 
isospin (O-S), same spin and opposite isospin (S-0), 
and opposite spin and isospin (0-0). The function 
N(r) [cf. Eq. (4.153)] is the expected number of 
additional particles within a radius r of a given 
particle. Note that f(r) and N(r) have ordinates with 
different origins. 

A r a t h e r d i s t u r b i n g r e s u l t i s t h e l a r g e v a l u e of t h e u n l i k e - p a r t i c l e 

c o r r e l a t i o n f u n c t i o n s w i t h i n t h e c o r e r a d i u s of 0 . 4 5 f e r n n i . T h i s i s a c o n ­

s e q u e n c e of o u r u s e of a h a r d s h e l l t o a p p r o x i m a t e a h a r d c o r e , a n d r e p ­

r e s e n t s t h e u n p h y s i c a l s i t u a t i o n of p a r t i c l e s b o u n d i n s i d e t h e s h e l l . 

H o w e v e r , t h e l a r g e v a l u e of t h e c o r r e l a t i o n f u n c t i o n s i s o f f s e t b y t h e s m a l l 

s i z e of t h e s h e l l , s o t h a t N ( r ) i s o n l y 6 . 3 % a t t h e s h e l l r a d i u s . 
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C H A P T E R V 

THE P U F F - M A R T I N A P P R O X I M A T I O N IN THE INHOMOGENEOUS CASE 

V . l . The Wave- func t ion E x p a n s i o n Method 

In t h i s c h a p t e r we d e r i v e the i n h o m o g e n e o u s equa t i ons for the Puff-
M a r t i n a p p r o x i m a t i o n and d e s c r i b e t h e i r n u m e r i c a l so lu t ion . B e c a u s e of 
i t s b r e a k d o w n in the H a r t r e e c a s e , we omi t any i n v e s t i g a t i o n of the T h o m a s -
F e r m i a p p r o a c h and t u r n d i r e c t l y to the e x p a n s i o n of the s p e c t r a l function 
in a s e t of wave func t ions . 

The w a v e - f u n c t i o n e x p a n s i o n of A, along wi th the a p p r o p r i a t e wave 
equa t ion and n o r m a l i z a t i o n c o n d i t i o n s , w a s d e r i v e d in Sect ion III.2 for a 
g e n e r a l i z e d e n e r g y - d e p e n d e n t po ten t i a l of the f o r m which o c c u r s in e q u a ­
t ion (4 .49) . As a r e s u l t , t h e s e d e r i v a t i o n s a r e c o r r e c t for the P u f f - M a r t i n 
a s we l l a s the H a r t r e e - F o c k a p p r o x i m a t i o n s , and we m a y u s e e q u a ­
t ions (3.16) t o (3.50) wi thout mod i f i ca t ion . In p a r t i c u l a r , we note tha t (3 .32) , 
(3.34) , and (3.35) c o r r e c t l y an t i c ipa t e the def in i t ions of the h o m o g e n e o u s -
c a s e funct ions h(p), Aj^Qj^(p), and p(p) given by (4.75), (4.77) , and (4.78). 

The r e m a i n i n g t a s k is the d e r i v a t i o n of e x p r e s s i o n s for the dens i t y , 
e n e r g y dens i t y , and ef fec t ive po ten t i a l in t e r m s of the p a r t i a l l y t r a n s f o r m e d 
s p e c t r a l funct ion A ( p r z z ' cu). As in the H a r t r e e a p p r o x i m a t i o n , the dens i ty 
m a y be ob ta ined by subs t i t u t i ng (3.24) into (2 .29) . The r e s u l t i n g equa t ion . 

p(Z) 
Pf 

PrdPr 
27T 

•(p'rA 

h ( p J - { P r A " i 

dcu 
27T 

A ( P J - Z Z CD) (5.1) 

i s s i m i l a r to (3.51) e x c e p t for the m o r e c o m p l i c a t e d l o w e r l i m i t of the co-
i n t e g r a t i o n . S i m i l a r l y , by subs t i t u t i ng (3.24) in to (2 .33) , we obtain the e n ­
e r g y d e n s i t y 

e(Z) = 
Pf p do ^ M - ( P r A " i ) , ,. l-'r^Pr / dcu l i m 

27T ) ^ , Z-n Z ' ^ Z 
^ h ( p J - ( p V 2 m ) 

2 p | J _ ^ 
2m " 2m dZ^ 

A(pj. Z Z'cu) (5.2) 

The ef fec t ive po t en t i a l V(Rpcu) i s def ined by the e n e r g y - d e p e n d e n t 
g e n e r a l i z a t i o n of (3 .7) : 

V | R + - , R - -,CD g ^ e i p - r V ( R p a . ) (5.3) 



Substitution of (4.58) and (3.24) into the inverse of (5.3) gives 

V(Z,p 1 C 0 ) = / (dRj) 
(dpj) f'^d 
(27T) ' Z-n 

r r - i ( P i - P 2 ) - r r l { , (P, + PE)'M n R I >1 
x | f(dr)e ' <Ri-Ra+2|tsymi">+"^' - - T ^ / l R' " ^^ ' 2 >J 

X I dz jO f-^'^Alp^, Z, + ^ , Z - ^ , c ' - -
2 • 2 2 

As before, to carry out the effective-mass approximation we must 

fit (5.4) to a quadratic function of the form (3.41) by the method of least 

squares. The procedure of equations (3.54) to (3.57) is still applicable, 

and it yields 

Ai(za3) = ^ M-jUj(Zct)) (5.5) 

where Mij is given by (3.57) and 

U , „ ^ (Z,U5) 

l i / 
(dR,) dz, ^p^'^py^ r ^ 

' (27r)2 j ZTT 

{^/(ap.)e-P?/^^UL/%.e---/ ( d r ) e 
; ( P l - P 2 ) - r 

< R l - R 2 + 2 
,„ (P i+Pz) ' K i - R . - f > l 

X A ( P , „ Z , + | I , Z , - ^ , 03. - g ) 

(5.6) 

and /3 is the matching parameter obtained in the homogeneous case. 

Now (5.6) expresses three functions of two variables as fourfold 
multiple integrals of a kernel function times the spectral function A. Un­
fortunately, even on a high-speed computer such as the IBM 704, the direct 
nuinerical evaluation of this equation during each iteration of a self-
consistent connputation would require a total of 40 to 80 hr of machine time. 
To circumvent this difficulty we have used the artifice of approximating the 
scattering matrix by a sum of exponential functions of energy. This approx­
imation allows (5.6) to be simplified considerably and results in nearly a 
twentyfold reduction in computing time. 
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Specifically, using (4.95) and (4.96) we may express the scattering 
matr ix as 

••sym ~ 4rn-n YY sing (''̂ )''"yy sing "*" yy tr ip (i^)''"yy tr ip 

+ Syc sing (^)Tyc sing + 9yc tr ip (^)Tyc tr ip + Sec (CU)TCC] . 

(5.7) 

where the combination 9^^ = Sec sing + ^cc trip rnay be used, since Tec is 
independent of the spin state. We approximate the five theta functions by 

L = i 

aum (5.8) 

To determine the parameters in (5.8), let us choose the cxj^'s arbi­
t rar i ly and determine the C's by the method of least squares. We mini­
mize the quantities 

CUl 

dcu> 

COo 

%(a)) - X CkL e 
L = i 

(5.9) 

where the S's are given by (4.99) and (4.100). This leads to the result 

CkL = Z Vk 
k=i 

r p - l 

m mL 
(5.10) 

where 

Vkm = / dcoe*-"^ek(^) , (5.11) 

and T"' is the inverse of the matr ix T with elements 

^mL 
' d a . e ( * - + ^ L ) ^ = '— 

a m + aL . 
(5.12) • 

The IBM 704 was used to calculate the coefficients CkL ^Y this pro­
cedure. The region of matching was chosen to becuo = -500 Mev to 
CUl - -^^ Mev. The chosen ttj^'s and the calculated C's are given in 
Table VIII. 



Table VIII 

PARAMETERS OF EXPONENTIAL APPROXIMATION 
FOR THE SCATTERING MATRIX^ 

L 

1 
2 
3 
4 
5 
6 
7 

ajjMev"') 

0 
1/320 
1/16O 
1/8O 
1/40 
1/20 
1/10 

Cyystf / 

-45.911 
-22.324 

5.2630 
-19.0556 
-12.6734 

-25.249 
-32.711 

Cyyt(f-') 

-139.633 
-136.417 

18.7878 

-114.409 
-126.036 
-215.04 
-550.95 

Cycs'l^ ) 

6.7168 
11.3835 

-4.1329 
8.1311 
3.6526 
9.1383 
10.4509 

Cyct(f-') 

16.8971 
38.067 
-7.6052 
29.783 
28.581 
52.000 
128.249 

Ccc(f-') 

6.6573 
-24.531 
13.1313 

-16.0706 
-4.4934 

-18.2438 
-30.512 

^See equations (5.7) and (5.8). 

In order to estimate the accuracy of this approximation, a table of 
the exact and approximate theta functions, and the absolute and relative 
e r r o r s , ^vas computed for values of cu from -500 Mev to -30 Mev at in ter -
vals of about 10 Mev. For the functions 9^^ ^^^g, 9^^ jj.ip, 9^^ ^^^g, and 
Syc trip> the largest relative e r ro r was less than 0.08 per cent. Since 
Sec ^^^ 3- zero in the matching region, its maximum relative e r r o r was 
infinite, but the largest absolute e r ro r in the interval was less than one per 
cent of its value at -500 Mev and 0.1 per cent of its value at -30 Mev. 

An attempt was made to improve the approximation by optimizing 
the choice of the exponents ttj^ by means of Prony 's method. However, the 
method failed to give consistent results , presumably because large var ia­
tions in the a^ ' s had little effect on the accuracy of the matching. (Mathe­
matically, this would lead to the inversion of a nearly singular matrix.) 

To apply this exponential approximation to our expressions for V, 
we substitute (5.7) and (5.8) into (5.5) and (5.6), obtaining 

i f - ) = i , e - / ; - g - / d Z . d z . K ,Z,.p., 

(5.13) 

where 
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Ki^ro^Z^zPrz) = ^^^a^ / z / d X d Y J (dp,) e 'P ' / ' ^ ' 

lilj 

5/2 - piJ^^ - p?z/ 

- 1/^' + pfr/p* 

- i /p ' + ^PWI^' 

2vi'i rz, ' „ - i : : , (p i+P2) l^,-'pz-Y(..,="'^""""''zc,, 4 m 

< R , _ T k R - - > (5.14) 

and the index k ranges over the five subscripts of the S's and the T ' S . To 
clarify the process of computation, we expand (5.13) into several steps: 

V.o.(Zcu) = X e*L"^Q (z) 

where 

(5.15) 

and 

Qro-|L(z) 
.Pf Pydpr 

2'7T Cro~iL(ZPr) 

C(-O- |L(ZPI . ) = / dZ'dz KLro-,(Z'zpj.) B L ( Z + Z ' z p r ) 

(5.16) 

5.17 

TI" dcu ttL^ii / ^ z ^ z Pr 
BL(Zzpr ) = / — e -̂  A i p ^ , Z + - ^ , Z - - , cu 

'h(pr) 

h(pr) 

27T 2m 

dcu ttr cu / z P̂ r 
Pr. cu-;— wlZ - - , Pj., u . j - ,„ ^ 2m / \ 2 ' 2m m / 

(5.18) 
The a rea of the pj-, CD-integration has been limited to take into account the 
lower bound in the energy spectrum of the wave functions. 

With a little manipulation all but two of the integrations in (5.14) 
may be performed analytically. The resul t may be written as 

KLilZzzPrz) = Z Mij,?<;Lj(Zz2Pj.2 
j 

(5.19) 

where 



^ ,^ , J . -((l//3^WaL/m))p|^ r -((l//3^)^<aL/4m))p^, 

li} 
•l„(s) 

(p^rz+PDMs) - 2PrPr2li(s)^ LL(-O-| (Z ^zPr) 

Io(s) Hi'" = = PrPr2 ( (2 /^2)+(aL/m)) 

(5 .20) 

a n d 

L T {'o~\(Z Z2Pr) 
6/3 VrT 

/ 
dz .̂  1 

.(py4)(z2 - z)^-(m/aL)(z2 - ( Z / E ) ) 2 

(/3V2)-(/3^/4)(z2 - z)2 

x Z c k L < ^ , Z + f | T , | ^ , Z - f > ; ( f o r a ^ / o ) 

LL| -O~ | (ZZ2P] . ) 

(il 
IZp-TT -(A^^i)A I c , L < ^ . Z . z J r J f , Z - z , > 

{pV2)-(/3*/4)(^l) 

2 

(for a.L = 0) 

T h e e x p r e s s i o n of t h e f o r m < pyZ |T |p i . z ' > i n ( 5 . 2 1 ) i n d i c a t e s a t w o -

d i m e n s i o n a l F o u r i e r t r a n s f o r m : 

I I I , f d x d y d x ' d y ' - i p r ' r r , i i , ., i P r ' ^ i -
< P r z [ T | p i . z ' > = j (^.^^z e "̂  < r | T | r ' > e 

T h i s m a y b e e v a l u a t e d b y s u b s t i t u t i n g ( 4 . 9 7 ) . L e t 

Vcc^ + p ĵ. ; a ' = ^O-^ + p'J- . 

( 5 . 2 1 ) 

( 5 . 2 2 ) 

5.23 

T h e n 

<Pr^ l ' ^k |P r^ '> = 

( l / d a ' ) e - " l ^ l a - ^ ' l " ' l <y>'' 

(l/a) e-*^l^lj<,(p^ 7 4 ^ 7 7 2 ) + ( l / ^ , ) e - « ' l ^ ' l j ^ ( p ^ y 4 T i r ) (yc) 

Jc(Pr y r ^ ^ Jclp'r -Al^^) ( " ) • 
(5 .24) 

w h e r e J c i s a B e s s e l f u n c t i o n w h i c h i s c u t off a s i t s a r g u m e n t g o e s 
i m a g i n a r y 



j,(pr.AFT^)=r 
Lo 

V.2. Numerical Computation 

.y^fT^) ; z s r , 

; z > r^ . (5.25) 

We now turn to the numerical solution of the inhomogeneous-case 
equations in the Puff-Martin approximation. These equations may be 
treated by an i terative procedure s imilar to that described in Section III. 3 
for the Har t ree case. The major change is the increased complexity of the 
integrations which produce the effective potential from the wave functions. 

For numerical calculation it is necessary to approximate the inte­
gration in (5.17) by weighted sum of B L (Zzpj.) over a set of equally spaced 
points in Z and z. Appendix A gives the derivation of a set of coefficients 
f such that 

C | - O I L ( Z Pr) = I dZ'dz K^ |-o-| ( Z ' z p r ) 3 ^ ( 7 + Z' zpr) 

= Z Z "J'mim, m L(pr) 
mi=o m2=o | | | J 

[BL(Z + mih,, m^h^, Pr) + B L ( Z - mih,, m2h2,Pr)] 

(5.26) 

The calculation of the T-coefficients was performed with the IBM 704. In 
about 10 hr, the machine produced and stored on magnetic tape a table of 

or over 660,000 numbers. 

The computer program for the iterative solution differed in several 
minor respects from that described in Section III.3. In order to save ma­
chine time, the effective potential was computed for a rough mesh spacing, 
and the intermediate points were obtained by interpolation. Also, the ex­
trapolation of the effective potential into the vacuum region was done by 
fitting an exponential of undetermined slope to the first two known points 
(rather than fitting an exponential of predetermined slope to one point). 

Specifically, the program functioned in the following manner: Dur­
ing each iteration the computer begins with a table of QroiL(Z) for a Z-

range of 10 fermis in intervals of 7 fermi. It then performs the following 
calculations: 

1) For a part icular value of cu, a table of V|-o-i(Zcu) is computed 

{A} 
from the Q table by means of (5.15). The table of V is extended on each 
side by about 8 fermis . In the right-hand region, these functions a re set 



equal to the i r h o m o g e n e o u s - c a s e v a l u e s . On the left, they a r e e x t e n d e d by 
fitting an exponen t i a l Cje '"2^ to the f i r s t two t a b u l a t e d v a l u e s . 

2) The v a r i o u s d e r i v a t i v e s and c o m b i n a t i o n s of the V s wh ich 
appea r in (3.45) a r e c a l c u l a t e d , and t h e s e funct ions a r e i n t e r p o l a t e d to 
give a tab le wi th a spac ing of -jy f e r m i . 

3) F o r given va lue s of Pr and cu, a tab le of the wave funct ion 
0 ( z p r cu-(Pr /2m)) is compu ted in the l e f t -hand e x t e n s i o n by a s s u m i n g 
that the po ten t ia l in (3.45) is an exponen t i a l . 

4) The tab le of 0 is c o m p u t e d for the m a i n r e g i o n of 1 0 f e r m i s 
by p o i n t - t o - p o i n t so lu t ion of (3.45), wi th the use of a mod i f i ed N o u m e r o v 
method with a m e s h spac ing of — f e r m i . 

5) The table of 0 is ex tended into the r i g h t - h a n d r e g i o n by f i t t ing 
a sine function to the l a s t two poin ts in the m a i n r e g i o n , and t h e s e two po in t s 
a r e a l so used to d e t e r m i n e the n o r m a l i z a t i o n . The e n t i r e wave funct ion is 
n o r m a l i z e d acco rd ing to (3.49), and (3.44) is u sed to ob ta in V(z Pr cu - (P r /2m) ) . 
This function is t abu la ted for a m e s h spac ing of -^ f e r m i . 

6) Steps I) to 5) a r e r e p e a t e d ove r v a r i o u s v a l u e s of cu, wi th the 
number of va lues ranging f rom 4 to 28 , depending upon the va lue of Pr-

7) The r e s u l t i n g tab le of wave funct ions is i n t e g r a t e d o v e r cu to 
obtain the functions B L ( Z z p r ) defined by (5.18) for a spac ing of -^ f e r m i 
in Z and -— f e r m i in z. 

8) The functions C rt,-] ( Z p r ) a r e ob ta ined by s u m m i n g the p r o d u c t s 

of B and the ^ -coe f f i c i en t s as in (5.26). In o r d e r to i n c r e a s e s p e e d , th i s 
s u m m a t i o n is t r u n c a t e d to exc lude va lue s of I 'mimz s m a l l e r in m a g n i t u d e 
than 10 Maxl^ 'mjmj l - The C ' s a r e compu ted for a m e s h s p a c i n g of 
-^ f e r m i . 

9) Steps 1) to 8) a r e r e p e a t e d for 13 v a l u e s of p r , and a new t ab le 
°^ ' ^ l i l L ' ^ ' ^^ obta ined by i n t e g r a t i n g the C's a s in (5.16). In a s i m i l a r 

m a n n e r , (5.1) and (5.2) a r e u s e d to ob ta in the dens i t y and e n e r g y d e n s i t y . 

The computa t ion was p e r f o r m e d wi th the i n t e r p a r t i c l e p o t e n t i a l 
p a r a m e t e r s in (4.101) and the h o m o g e n e o u s - c a s e e f f e c t i v e - m a s s r e s u l t s 
for the l o c a l - t r a n s p o r t z e r o point . 

After ten i t e r a t i o n s , the r e s u l t of e a c h i t e r a t i o n w a s i d e n t i c a l w i th 
the p r e v i o u s r e s u l t , excep t for a s l igh t d i s p l a c e m e n t a long the Z ax i s 
towards the v a c u u m s ide . This d i s p l a c e m e n t w a s about -^ f e r m i , wh ich is 
s m a l l enough to be a t t r i b u t e d to n u m e r i c a l e r r o r s in the " p a t i a l b o u n d a r y 
condi t ions . 



The resulting effective potential, after the tenth iteration, is shown 
in Figures 14 and 15, and tabulated in Appendix C. Figure 16 gives the 
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Fig. 14 

The momentum-independent term VQIX, OJ) of the 
effective-mass approxinnation for the effective 
potential across a plane surface of nuclear mat­
ter in the Puff-Martin approximation. The quan­
tity is given as a function of is for discrete OJ. 
See footnote 5. 

Fig. 15 

The quadratic terms Vj_ (z cu) and V|| (z cu) of the 
effective-mass approximation for the effective 
potential across a plane surface of nuclear mat­
ter in the Puff-Martin approximation. These 
terms are given as functions of z for discrete 
03. For clarity only the curves for CD = -1 5 and 
-165 Mev are continued into the vacuum region. 
The two terms Vj_ and V|| , which are the com­
ponents of the momentum perpendicular and par­
allel to theZ axis, are equal, to within the limited 
accuracy of the graph, except in the shoulder r e ­
gions, where a small difference is indicated by 
splitting the curves. See footnote 5. 

I I — I — I — \ r 
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1 I I r 

Fig. 16. The particle densityp(z) and the 
energy density c{x) across a plane 
surface of nuclear matter in the 
Puff-Martin approximation. Both 
p and e nnust be multiplied by a 
degeneracy factor of 4. 

the nuc leus should be 

N = 47T j r ^ d r 4 p ( r o - r ) 

c o r r e s p o n d i n g r e s u l t s for the p a r t i ­
cle and e n e r g y d e n s i t i e s , wh ich a r e 
a l s o t a b u l a t e d in Append ix C. As in 
the H a r t r e e c a s e , the funct ions Vj_ 
and V|| a r e n e a r l y equa l , so tha t the 
effect ive po t en t i a l i s n e a r l y i s o t r o p ­
i c . In c o n t r a s t wi th the H a r t r e e r e ­
s u l t s , howeve r , the c u r v e s a r e 
s m o o t h , excep t for s l igh t v a r i a t i o n s 
in the dens i ty , and t h e r e a r e no s i g ­
n i f icant o s c i l l a t i o n s ins ide the e d g e . 
The s u r f a c e t h i c k n e s s i s 2.33 f e r m i s , 
which m a y be c o m p a r e d wi th the e x ­
p e r i m e n t a l va lue of 2.5 + 0.2 f e r ­
mis . (10 ) The m o r e i m p o r t a n t 
n u m e r i c a l m e t h o d s which w e r e u s e d 
a r e d i s c u s s e d in Append ix A. 

The r e s u l t s for the p a r t i c l e 
and e n e r g y d e n s i t i e s m a y a l s o be 
u s e d to compute the s u r f a c e - e n e r g y 
t e r m in the W e i z s a c k e r s e m i -
e m p i r i c a l m a s s f o r m u l a . C o n s i d e r 
a l a r g e s p h e r i c a l n u c l e u s ; i t s p a r t i ­
c le and e n e r g y d e n s i t i e s , a s funct ions 
of r a d i a l d i s t a n c e , should p o s s e s s the 
s a m e shape and he igh t a s our c a l c u ­
l a t ed p(z) a n d e ( z ) . T h u s , the to ta l 
n u m b e r of p a r t i c l e s and e n e r g y of 

(5.27 

a n d 

. C O 

E = 47T / r ^ d r 4 e ( r „ - r ) 
J n 

5.2f 

whe re the d e g e n e r a c y fac tor of four has been i n s e r t e d , and r,, i s a p a r a m ­
e t e r d e t e r m i n i n g the n u c l e a r s i z e . Then 

E = I S ^ + l ^ ^ i n ' ^ ' d r s ( r o - r ) (5.29) 

whe re 



(̂̂ ) = ^(^)-fsp(-) (5.30) 

is a function which is nonzero only in a region near the surface. Thus, for 
a sufficiently large nucleus, the integration in equation (5.29) may be ex­
tended to negative r, and E may be rewritten as 

= ^ N + 167T j ( r„ -z )2dzs(z) 
- 0 0 

_ e(-) 
N + 16 p(oo) 

On the other hand 

dz s(z) + 0(ro) (5.31) 

N = l ^ Pic.) rl + Q{rl) (5.32) 

so that 

3N 12/3 

167I-p(oo)J 
rl + 0(r„) (5.33) 

Thus 

p(oo) N + 16Tr 
3N 

167Tp(c ri: dz s(z) + 0(ro) (5.34) 

A comparison with the Weizsacker expansion E = u^N+UgN^^' determines 
the surface energy Us to be 

16-71 lb-np{cc)\ / dz c ( z ) - ^ p ( z ) l 5.35 

A computation of the surface energy from the resul ts of our calcu­
lation gives Ug = 18.79 Mev, which is in reasonable agreement with the 
empir ical value of 17.804 Mev obtained by Green.(° ' Thus our calculation 
leads to reasonable values for both the surface thickness and surface energy. 
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APPENDIX A 

NUMERICAL METHODS 

A.1 . Numerical Solution of the Schroedinger Equation 

The one-dimensional Schroedinger equation may be written as 

0(')(z) = g(z)0(z) . (A.1) 

This equation may be solved numerically by expanding the second derivative 
in t e rms of the difference operators 6̂ ^ and using the resulting equations to 
determine 0(z) for a given z in t e rms of 0(z) for smaller z. Such a p ro ­
cedure gives a direct method of solution if the boundary conditions (exclu­
sive of normalization) can be expressed at a single point. 

Specifically, suppose that we have a table of g(z) for a sequence of 
equally spaced points at intervals of length h. Given the initial conditions 
on 0(z) at ZQ, we wish to obtain a similar table of 0(z) for z>Zo. Let 

0r̂  = 0(zo+nh) ; gr̂  = g(zo+nh) . (A.2) 

A Taylor se r ies expansion of the second central difference of (p^ contains 
only even derivat ives: 

^'*n = *n + i - 2 * n + * n - i 

= h^,U) . ± h^,(4) . ^ ^ h S W + ^ 0 h»0W . . . . (A.3) 

If we ignore all right-hand t e rms beyond the first , and substitute (A.l), we 
obtain an approximate equation, accurate to order h^, giving 0n + i in t e rms 
of 0rj and 0^ _ ^i 

^ + 1 - 20n - * n - i +h'gn*n • (A-4) 

A better approximation, obtained by Noumerov's method, is 
accurate to order h'*. Let 

Yn 
hll2) 

^ - 7 2 Sn ] 2 •^n " 17. ° " +̂ n 
(A.5) 

The function yr̂  has been chosen so that the expansion of 6 y does not con­
tain an h* t e r m . We have 



By dropping the t e r m s of o r d e r h^ and h i g h e r , and s u b s t i t u t i n g (A . l ) and 

( A . 5 ) , we obta in N o u m e r o v ' s a p p r o x i m a t i o n : 

Vn + i ~ 2 y „ - y „ . , + h ^ g „ 0 „ = 2 y „ - y „ . ^ + - ^ y^ . ( A . 7 ) 

' -n^n 

The a c c u r a c y of th i s m e t h o d can be i m p r o v e d f u r t h e r by inc lud ing 
a c o r r e c t i o n which t akes into accoun t the h ' t e r m in (A.6). The p r o c e d u r e 
d e s c r i b e d h e r e is a modi f i ca t ion of a m e t h o d deve loped by R u b e n s t e i n , 
Huse , and Machlup.^^^^ The g e n e r a l f o r m of the e x p a n s i o n (A.3), 

6Z = h ^ ^ + ^ h * — + . . . . (A.8) 
dz2 12 dz4 

4. m a y be s q u a r e d to obtain an expans ion of 6 

,4 . 1,4 ^ , h ! ^ , . . . . (A.9) 
dz4 6 d z ' 

Now, le t 1,2 

,, = h ! ^(z) . h ! g <̂  = _ 2 i i ! l y , , . (A.IO) 
n 12 *̂ n 12 ^n'+'n j ^ ' n 

' ' l 2 ^n 

By solving (A.9) for the o p e r a t o r h ' ' d y dz* and apply ing the r e s u l t to u,,, we 
obtain an e x p r e s s i o n for the s i x t h - o r d e r t e r m in ( A . 6 ) : 

ITO ^'**n' = 2-0 ^^"n - n b h ^ W - . . • • ( A - H ) 

Unfor tunate ly , the four th c e n t r a l d i f f e rence of u^ c o n t a i n s u^, .|. ̂  and 
cannot be eva lua ted d i r e c t l y . H o w e v e r , to o r d e r h , 

n ^ ' * n ' = ^ ' -£l ^n = S'^n - i = 6 % - 2 6 % . , + 6 ^ - z • (A.l 2) 

This g ives a usab le a p p r o x i m a t i o n for &^vi^, which m a y be s u b s t i t u t e d in to 
( A . l l ) . When the r e s u l t i s subs t i t u t ed into (A.6), we ob ta in 

We d rop the h° t e r m , expand the c e n t r a l d i f f e r e n c e s , and u s e (A.IO) to e x ­
p r e s s Un + 1 in t e r m s of y^ + i. This g ives the a p p r o x i m a t i o n 
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. * ^ ^ ^ 
1 i i 

12 ^n+l 

^n + i = ^ V - Yn-, + ' 2 I ^ % - ? ' ^ - l -̂  l l % - 2 

— + ^ 
10 "n -3 20 "n-4 

(A.14) 

w h e r e the u^ a r e ob ta ined f rom the y by (A.IO). 

In o r d e r to apply th i s m e t h o d , the va lue of the wave function at five 
c o n s e c u t i v e po in t s m u s t f i r s t be obta ined f r o m the in i t i a l c o n d i t i o n s . In the 
i n h o m o g e n e o u s - c a s e c o m p u t a t i o n s d e s c r i b e d in C h a p t e r s III and V, t h e s e 
v a l u e s w e r e ob ta ined f r o m an a p p r o x i m a t e ana ly t i c so lu t ion in the n e a r -
v a c u u m r e g i o n . 

A . 2 . Spa t ia l I n t e g r a t i o n of the Wave F u n c t i o n s 

In c a r r y i n g out the P u f f - M a r t i n i n h o m o g e n e o u s - c a s e compu ta t i on of 
C h a p t e r V, we m u s t p e r f o r m the double spa t i a l i n t e g r a t i o n (5.17) by m e a n s 
of an i n t e g r a t i o n f o r m u l a of the f o r m (5.26), i . e . , by a s u m m a t i o n ove r a se t 
of equa l ly s p a c e d poin ts in Z and z . The e s s e n t i a l p r o b l e m is the d e r i v a t i o n 
of such a f o r m u l a for the s u b s i d i a r y k e r n e l function L defined by (5.21), i . e . . 

= / dZdz L-L (Z z Pr) BL(Zo + Z,z ,Pr 

Z > 0 T (P r ' B ~ T (Zo,mihi,m2h2,p ) 

L-, m)m2ro•^ L r s y m L ' <• » r i ¥ 
w h e r e 

(A.15) 

B^y,, , ^(Zo Z z pr^) = BL(Zo + Z,z,Pr2) + B L ( Z O - Z , Z , P , . ^ ) , ( A . 1 6 ) 

s ince (5.19) and (5.20) give d i r e c t l y 

' » L \ 2 
Pr 

"•{ (Prz + Pr) lo(s) - 2p rPrz I i ( s ) ; •• ^ "̂  f *mim2{j) L(Pr ) 

• < ^ ^ ^ ) 

(A.l 7) 



The in t eg ra t i on in (A.l 5) m a y be s imp l i f i ed by i n t r o d u c i n g the funct ion 

B f o i ( Z o Z z P r z ) ^ 
1 

1 

T " T ' 

4 

1 

2 4 1 7 L 

Bsym L ( Z C , Z Z P „ ) 

. e - ° L ' ^ " " ' ' ' B , y „ L ( Z . Z z ' P r , ) 

(if O L / O ) 

(if a L = 0), 

(A.l 8) 

where 

_4_ «L 
p2 m 4 1 + 

4 a, 

In t e r m s of B, the in t eg ra t i on in (A. 15) r e d u c e s to 

1 = ^ 1 Ci^L J d Z d z < ^ , Z + z | T k | ^ , Z - z > B | ^ ^ ( Z O , Z , 7 L Z , P ^ 3 ) . 

l l l j (A.l 9) 

Now, suppose that we know the va lues of B ( Z O Z z p ) at the s a m e l a t t i c e 
points in Z and z at which we know the v a l u e s of B, i . e . , with a spac ing of 
hj in Z and hj in z. To p e r f o r m the i n t e g r a t i o n in (A. 19), we m i g h t a p p r o x i ­
ma te B by m e a n s of Lag rang i an i n t e rpo l a t i on in Z and z, u s ing 2n + l po in t s 
in each d imens ion : 

f(Z) I - m(j] f I (m +mo) h j (and s i m i l a r l y in z) 

(A.20) 

where 

( x ) 7 
k / m 

( x - k ) 

( m - k ) (A.21) 

However , th is app rox ima t ion is only good when Z and z a r e in the i n t e r i o r 
of the r ec t ang le fo rmed by the (2n + l )̂  l a t t i c e poin ts used in the i n t e r p o l a ­
t ion. When Z (or z) i s outs ide th i s r e c t a n g l e , the i n t e r p o l a t i o n b e c o m e s an 
ex t rapo la t ion and the e r r o r i n c r e a s e s as the 2n + l power of Z (or z ) . U n ­
for tuna te ly , the exponent ia l decay of T and r ^̂  in Z + z i s not suff ic ient 
to make the i n t e g r a l of th i s e r r o r neg l ig ib le in the e x t r a p o l a t i o n r e g i o n . 
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To circumvent this difficulty, we have used the device of varying the 
choice of interpolation points so that the central point of the interpolation 
rectangle is always the lattice point nearest to the point Z,z. This is 
equivalent to choosing mg in (A.20) to be the integer whose value is closest 
to Z/h. In this method, a large number of lattice points are involved in 
the approximate integration, but the allowable lattice spacing is unusually 
large . 

Application of this approximation to B gives 

m •m ̂  
(A.22) 

where r(x) is the integer nearest to x. The absolute value of the arguments 
on the right-hand side have been introduced to take advantage of the symmetry 
of B in Z and z. Substitution of (A.22) into (A.19) gives 

where 

Z I m,m7L^ 
(Pr) Bro-i, (ZQ, mih,,m2h2,p 2) , (A.23) 

1 

m3 = -n m4=-n 

^ ^ 3 ( h - , m, \ h; 
^ ( ^ 1 ^ - -

(A.24) 

The choice of the mesh spacing and number of interpolation points may 
be determined by examining the maximum e r ro r of the interpolation formula 
(A.22). The computation described in Chapter V is made with the values 
hi = 7 fermi, h2 = :̂  fermi, and n = 10. An investigation of the e r ro r for these 
values gives an estimate of the relative e r ro r magnitude of 2 x 10~ if B is 
derived from wave functions with character is t ic momenta less than 
p = 2.5 f~'. For p = 3 f~', the relative e r r o r magnitude is about 10"' . 

We are still faced with the problem of integrating (A.24) numerically. 
At first sight, this task appears to be complicated by the discontinuities of 
the integrand. However, since (A.24) is only an intermediate step in the 
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i n t e g r a t i o n of (A.l 9), it i s suff ic ient to use any i n t e g r a t i o n m e t h o d which i s 
a c c u r a t e for eva lua t ing (A.l 9), even though it m a y be h ighly i n a c c u r a t e for 
( A . 2 4 ) i tse l f . On the o t h e r hand , knowledge of the i n t e g r a n d in (A.24) i s not 
l imi t ed to the l a t t i c e p o i n t s , so t h a t G a u s s i a n m e t h o d s with u n e q u a l l y s p a c e d 
points m a y be u sed . In p r a c t i c e , the i n t e g r a t i o n was p e r f o r m e d in the v a r ­
i ab l e s Z) = Z + z and Zj = Z - z by m e a n s of 8-point G a u s s - L e g e n d r e q u a d r a ­
t u r e and 25-point G a u s s - L a g u e r r e q u a d r a t u r e (depending on the p a r t i c u l a r 
f o r m of T, ). F u r t h e r m o r e , the i n t e g r a t i o n poin ts for which T, was l e s s 
than 1 0 " ' of i t s m a x i m u m w e r e d i s c a r d e d . This r e s t r i c t i o n l i m i t s the n o n ­
z e r o va lues of 0rQ rn *° ^^^ r eg ion mj = 0 to 43 and m2 = 0 to 34. 

We m u s t now e x p r e s s the v a l u e s of B a t the l a t t i c e po in t s in t e r m s 

s y m ' of the va lues of B,,,,^^. Let g m L ^^ coef f ic ien t s such tha t 

/ 
-QLZ^ 

d z e f(z) 
S m L f(mh2 (A.25) 

Then, 
^ L 

rr^hl 
^ / • J I L ^ ^ " ' " ' ^ " " ' ^ h z . Prz ' = e '>'L ^ Z § „ L 

1 
1 

2 4 
1 - T T " ' n^^'+m. 

' ^ s y m L (^o.n^ih, , I m j + m , | h 2 , p ^ ) 

(A.26) 

where the abso lu te value is again i n t r o d u c e d to t ake a d v a n t a g e of the syr 
m e t r y of B^^^. The subs t i tu t ion of (A.26) and (A.23) into (A.15) g ives 

\"X '"thi 

$, m i m 2 r o ^ L ''Pr) = X </>m,m4L(Pr) ^ 
_LL m4=o 

IIJ 
1 

1 
^ 2 . ^ 4 

2 4 ' " 77 ) '"^ "̂  ™3 

^ I 8m3L 

) • 6 | m j + m 4 , m 2 

(A.27) 

If ng £ 20, then ^ rn im^ wiH be n o n z e r o only in the r eg ion m , = 0 to 43 
m2 = 0 to 54, and the s u m m a t i o n in (A.l 5) m a y be r e s t r i c t e d to t h e s e v a l u e s . 
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The choice of the coefficients gmL depends upon the value of OL (and 
therefore aL). For ttL = 0, the value of OL is infinite and g ^ L = ^m,0- ° n 
the other hand, for small a we may use the simple approximation 

/ dz e-^-^ f(z) = h2 X (̂"̂ 1̂ )̂ ^'""^ ' • (A.28) 
' ^ - CO m = - o D 

E. T. Goodwin^^'1 has shown that the e r ro r in this approximation decreases 
rapidly as a -• 0, and an examination of the e r ro r te rm which he obtains 
shows that the relative e r ro r in using this method will have a magnitude of 
less than 10"' when a s 2.75. To limit the extent of the summation we dis­
card the t e rms for which gmL < 10"'goL (^°r all L). The worst case occurs 
for the smallest value aL = 0.441 and leads to TI„ = 20. 

In the intermediate range, in which a > 2.75 but is still finite, we 
may approximate f(z) by Lagrangian interpolation, using (A.20) with mo = 0. 
This gives 

Ug 

/ dz e - ° ^ ' f(z) £ f f(mh,) [ d z e-^^' iJ^ (^) .(A.29) 
•̂  "^^'ng 

Experimental t r ia ls with various test functions established that n„ = 11 is 
sufficient in this region. 

The numerical calculation of the '{'-coefficients was performed in 
two steps. F i rs t , a table of the 44x35 a r rays 0mim2 *3-s computed for 
7 values of ttL and 12 values of Pr- Then, from this table a second table of 
the 44x55x3 a r rays ^mim^ ro-i '^s.s computed for 7 values of dj^ and 

llij 
13 values of Pr2- To evaluate the integral over pr in (A. 17), 12-point Gauss-
Laguerre quadrature was used. The two computations required 7 and 3 hr 
of machine time, respectively. 

In the Har t ree-Fock computation described in Chapter III the in­
tegration of the product of the kernel and spectral functions reduces to a 
single integral of the spectral function times a Gaussian interparticle 
potential. In this calculation the approximation (A.28) was used. 

A.3. Energy and Momentum Integrations 

In the inhomogeneous-case computations for both the Har t ree-Fock 
and the Puff-Martin approximations, the density, energy density, and 
effective potential are expressed as integrals of the spectral function (or 
the product of the spectral function and the kernel function) over the energy' 
to and the perpendicular momentum pr, as in (5. l), (5.2), (5. 16), and (5. 18). 
In the Puff-Martin case, the integrals are complicated by the presence 
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of the exponen t ia l funct ions e L , The cho ice of a n u m e r i c a l p r o c e d u r e 
for t h e s e i n t e g r a t i o n s is qu i te c r i t i c a l , s i n c e the t i m e r e q u i r e d by the e n t i r e 
compu ta t ion is p r o p o r t i o n a l to the n u m b e r of po in t s tD,pr a t which the s p e c ­
t r a l function m u s t be eva lua t ed . 

T h i s choice is d e t e r m i n e d p r i m a r i l y by the s t r o n g e x p o n e n t i a l and 
s i nuso ida l b e h a v i o r of the s p e c t r a l funct ion at the two e x t r e m e s of the 
spa t i a l i n t e r v a l over which the d e n s i t y and effect ive p o t e n t i a l m u s t be c o m ­
puted. This behav io r m a y be rough ly a p p r o x i m a t e d by 

A l Z Z' Pr cu-
2 \ fk^e^^^o l e f t - h a n d r e g i o n 
r I I J 

2m sin^kZj r i g h t - h a n d r e g i o n . 
(A. 30) 

where ZQ (negat ive) and Zi (posi t ive) a r e the a p p r o x i m a t e d i s t a n c e s f r o m 
the left and r i g h t end -po in t s of the s p a t i a l i n t e r v a l to the edge of the n u c l e a r 
s u r f a c e , and 

"^- Vohom('^) 

V z h o m ( " > ) + ^ 
-P^r K = [-2mcu + p^ (A.31) 

The e n e r g y i n t e g r a t i o n m a y be e x p r e s s e d as 

J (Pr ) 
do) a^cD 

h(Pr) 
271 e ^ A l Z Z' p CD 

r Zval 
(A. 32) 

We m u s t a p p r o x i m a t e th is i n t e g r a l by a we igh ted s u m of the v a l u e s of A for 
a fmite se t of va lue s of CD. In add i t ion , the cho ice of co-values m u s t be in ­
dependent of ttL. Unfor tuna te ly , s ince the f ac to r e ' ^ L " ' v a r i e s f r o m a c o n ­
s tan t for ttL - 0 to a s t rong ly decay ing function for a-^ = 0. 1, a cho i ce of 
CD-pomts which is o p t i m u m for one va lue of ttL wil l be p o o r for o t h e r v a l u e s 
The only r e a s o n a b l e p r o c e d u r e is to a p p r o x i m a t e kA by i n t e r p o l a t i o n (ob-
ta inmg the a p p r o p r i a t e weights by i n t e g r a t i n g the i n t e r p o l a t i o n coe f f i c i en t s ) 
and to choose the CD-points to m i n i m i z e the m a x i m u m i n t e r p o l a t i o n e r r o r 
ove r the reg ion of i n t eg ra t i on . 

T h u s , we a r e led to u s e C h e b y s h e v i n t e r p o l a t i o n . Spec i f i ca l ly l e t 
us m t e r p o l a t e f = kA as a function of the v a r i a b l e X(CD) in the inter 
Xo= x(h(pr)) to X, = x(;i): ; r v a l 

"\l'(-*T^""i-|)-rfe-')-w (A. 33) 
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w h e r e 

a n d 

s. = -cos 
2 i - l 
2n 

S - - S ; 

(A.34) 

(A.35) 

In the r e g i o n XQ £ x £ Xj the i n t e r p o l a t i o n e r r o r i s 

E(x) d''f(0 
d x " 

( A . 3 6 ) 

w h e r e xn 

N o w , c o n s i d e r t h e b e h a v i o r of t h e n t h - o r d e r d e r i v a t i v e f o r t h e t w o 
t e s t f u n c t i o n s i n ( A . 3 0 ) . If X(CD) i s s l o w l y v a r y i n g c o m p a r e d w i t h t h e f a c t o r s 

e 0 a n d s i n k Z i , t h e n t h e d o m i n a n t t e r m i n t h e d e r i v a t i v e w i l l b e 

dnf 

dx"^ 

/ d K \ 

I dk\" 

l e f t -hand r eg ion 

r i g h t - h a n d r eg ion 

(A.37) 

The m a x i m u m of the e r r o r e x p r e s s i o n (A.36) wil l involve the m a x i m u m of 
( A . 3 7 ) , so t h a t we wish to m i n i m i z e the v a r i a t i o n of (A.37) ove r the i n t e g r a ­
t ion r e g i o n . If we w e r e c o n c e r n e d with only one of t he two c a s e s in (A.37), 
we would c h o o s e x = K or x = k . To dea l with both c a s e s , it i s n e c e s s a r y to 

m a k e s o m e c o m p r o m i s e be tween t h e s e e x t r e m e s such tha t 2 Z Q and 
dk ' '^'^ 

2Z2-J— a r e both bounded , but n e i t h e r quan t i ty fa l l s u n n e c e s s a r i l y far be low 

the bound . A r e a s o n a b l e cho ice i s t ha t X(CD) s a t i s fy 

dx^ = (2Zidk)2 + (2ZodK)2 . (A.38) 

In the r e g i o n of i n t e g r a t i o n the function K(k) i s c l o s e l y a p p r o x i m a t e d 
b y 

K [6.66 -0.92p| - -1.92k' 
1 

212 (A.39) 
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In g e n e r a l , (A.38) and (A.39) d e t e r m i n e x to be an e l l ip t i c funct ion of k. 
However , if we choose the s p e c i a l c a s e | Zj | = Vl .92 | ZQ | , the e l l i p t i c 
function r e d u c e s to a s p h e r i c a l funct ion: 

, - / l . 92k , . ^„ , 
X = 2 Zo Ko a r c s m , (A.40) 

"where 

Ko = K(k=0) = y - 2 m V h o m ( P r ) • ( A - 4 1 ) 

The choice of | Zj | = -./l .92 | ZQ | i s e s s e n t i a l l y a weight ing of the two 
t e s t c a s e s in d e t e r m i n i n g the o p t i m u m i n t e g r a t i o n m e t h o d , and it i s u s a b l e 
s ince ZQ and Zj a r e roughly e s t i m a t e d quan t i t i e s of about the s a m e m a g n i t u d e . 

The v a r i a b l e k r a n g e s f r o m 0 to . ^Pf - Pr ove r the r a n g e of i n t e g r a ­
t ion in (A.32). T h e r e f o r e , ( ' 8 ' 

^ A ^ -Jpf-pi 
Xo = 0 ; X, = 2 I Zo I Ko a r c s in — ^ - i £- • (A.42) 

K-o 
If we subs t i tu te (A.40) and (A.42) into the i n t e r p o l a t i o n a p p r o x i m a t i o n (A.33) 
for kA and subs t i tu te the r e s u l t into (A.32), we ob ta in 

n 

j ( P r ) = X H ^ ( a L P ^ ) A ( z Z ' P r a J i - ^ ) , (A.43) 

whe re 

CDi = CD(X.) ; X. = - - (sj + l ) , (A.44) 

a n d 

H T ( a L P r ) = k b j / d a ) ^ ^ L ' ^ _ l _ n / ' 2 x H 

i i(Pr) 

2 7T k(cD) L i ['—- - 1 . (A.45) 

The in tegra t ion over the p e r p e n d i c u l a r m o m e n t u m p^ i s s i m p l y 

^Pf 

^ " / '^nr ^^Pr) • (A.46) 

(In forming the effective poten t ia l the i n t e g r a n d a l s o invo lves t he k e r n e l K 
but th i s is s lowly vary ing in Pr as c o m p a r e d with J and m a y be i g n o r e d in ' 
d e t e r m i n i n g the i n t eg ra t i on me thod . ) This i n t e g r a l m a y be t r e a t e d in a 
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m a n n e r s i m i l a r to the e n e r g y i n t e g r a l . To obta in t e s t func t ions , the i n t e g r a l 
( A . 3 2 ) of each of the funct ions in (A.30) m a y be roughly a p p r o x i m a t e d by a 
I m e a r c o m b i n a t i o n of two t e r m s with exponen t i a l (or s inuso ida l ) behav io r 
c o r r e s p o n d i n g to the v a l u e s of K (or k) a t the end poin ts of the e n e r g y i n t e g r a ­
t ion , CD = h ( p r ) and CD =ii. This l e a d s to four t e s t func t ions , one of which 
[ c o r r e s p o n d i n g to k = 0 when CD = h(p^)] i s a t r i v i a l c o n s t a n t . The r e m a i n ­
ing t h r e e a r e 

J(pJ 

g2KoZo 

g2KiZo 

s in 2kZ, 

l e f t -hand r e g i o n , CD = h(pj.) 

l e f t -hand r e g i o n , CD = /i 

r i g h t - h a n d r eg ion , CD = ^ (A.47) 

w h e r e 

2 m V hom(Pr K, ^-imii y^T^ 
(A.48) 

Let us i n t e g r a t e J as a function of the v a r i a b l e q = q(p ). In the 

s a m e m a n n e r a s b e f o r e , q should be chosen so that 2Z dKn 

a n d 
d k d q 

2Z d K , 
d q 

2Zr^— a r e a l l bounded , and kept a s c l o s e to the bound a s p o s s i b l e , 
dq I 

If we s u b s t i t u t e (A.39) in to ( A . 4 8 ) , we find that | dK, | s 0.92 | dK, | , so tha t 
the KQ c a s e m a y be i g n o r e d and q c h o s e n a s a c o m p r o m i s e be tween q = Kj 
and q = k. As b e f o r e , we choose 

dq^ = (2ZodKi)^ + (2Zidk)^ (A.49) 

With the subs t i t u t i on of (A.48) and (A.39), we obta in an e l l ip t i c function 
which d e g e n e r a t e s into a c i r c u l a r function for | Zj 

k 
2 Z , K„ 

Koo 

In th i s c a s e , 

(A.50) 

w h e r e 

Koo = •J-'^rnii + p^ (A .5 i : 

As p goes f r o m p£ to z e r o , k = . ^ p l - P r gi^es f r o m z e r o to p£, and q goes 
f r o m 

qo = 0 t o qi = 2 
Pf 

KflO ^rc s m j j— 
"oo 

(A.52) 

In c a r r y i n g out the i n t e g r a t i o n ove r q, "we a r e no l o n g e r faced with 
a wide v a r i e t y of i n t e g r a l s for d i f fe ren t a ^ . As a r e s u l t , we m a y o p t i m i z e 
the i n t e g r a t i o n e r r o r i tself , r a t h e r than the i n t e r p o l a t i o n e r r o r , by us ing 
G a u s s - L e g e n d r e q u a d r a t u r e . The r e s u l t i n g a p p r o x i m a t i o n is 
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qi 
877 I Z , 

Z Hjkj (v^) (A.53) 

w h e r e 

qi 
2 I Zo Koo 

(xj + 1 ) ' (A.54) 

and X. and H; a r e the a b s c i s s a s and weigh ts for G a u s s - L e g e n d r e q u a d r a t u r e 
2r ih' e i n t e r v a l -1 to +1 . 

In the Pu f f -Mar t in compu ta t i on t h e s e m e t h o d s w e r e u s e d with 
13 points for the p - i n t e g r a t i o n and 4 to 28 poin ts (depending on the i n t e g r a ­
t ion r a n g e ) for the CD-integration. The a c c u r a c y was t e s t e d by apply ing the 
method (with a va ry ing n u m b e r of po in ts ) to the t r i a l funct ion (A.30) and to 
the computa t ion of the dens i ty p(Z) f r o m the in i t i a l e s t i m a t e for the effect ive 
po ten t i a l . The l a r g e s t r e l a t i v e e r r o r s w e r e about 1 0 " ' . 

This me thod was not used for the H a r t r e e - F o c k c a l c u l a t i o n , 
that c a s e . G a u s s - L e g e n d r e q u a d r a t u r e "was u s e d in the v a r i a b l e s 
ycD-Vo-V2Pr and . ^ P p p f • 

In 

A.4 . Methods for the Homogeneous P u f f - M a r t i n Compu ta t i on 

In p e r f o r m i n g the h o m o g e n e o u s - c a s e c o m p u t a t i o n for the Puff-
Mar t in a p p r o x i m a t i o n , it i s n e c e s s a r y to obta in the so lu t ions V(p) and 
p(p) of the s i m u l t a n e o u s equa t ions (4.86) and (4.87). This is done by i t e r a ­
t ion of a m u l t i d i m e n s i o n a l N e w t o n - R a p h s o n p r o c e d u r e . 

Let xj^ and H, be a b s c i s s a s and „ . , . „j^ „..„ »i, „^ „„.,^i.j..,i».3 „..!.. weights for n - p o i n t G a u s s -
Legend re q u a d r a t u r e over the i n t e r v a l f r o m -1 to +1 . (Ten po in t s w e r e u s e d 
in the computa t ion d e s c r i b e d in C h a p t e r IV.) Then the m o m e n t u m i n t e g r a ­
t ions in (4.86) and (4.87) m a y be a p p r o x i m a t e d by 

| P | < P f 

-.Pf 

(dp) f(p) = 47r P 'dp f(p) I 
k = i 

Hv f(P,, (A.55) 

whe re 

Pk T (^k+1; H ^ = 271- Pf H^ pi (A.56) 

Using th is a p p r o x i m a t i o n , (4.86) and (4.87) m a y be w r i t t e n a s a se t of 2r 
equa t ions for the 2n va lues of V and p at the i n t e g r a t i o n p o i n t s : 
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^k = Vk - ^ " j ^ U ' P j - Pk 
+ V. + V. A = 0 2m " k ^ ^ j / ĵ 

(A.57) 

and 

°k =Pk '-Z «ii4'^'pj'^^v,+v^)p^ 

where 

^k = V(p,^) ; p^ = p(pĵ ) 

1 = 0 (A.58) 

(A.59) 

The independent variables Vu, p, may be considered as a 2n-
dimensional vector: 

{T = [V, . . . V^Pi . . . p^] . (A.60) 

Similarly, the dependent variables F, , G, may be combined into 

F = [Fl . . . F ^ G , . . . G„] . (A.61) 

In this formalism, (A.57) and (A.58) become the vector equation 

F ( ^ (A.62) 

Now let Vn be a t r ia l solution of (A.62). To find a better solution 
v l ^ we expand F in (A.62) in a Taylor ser ies about "v̂ ,̂ retaining the first 
two t e r m s . The solution Vrj + j is taken to be the solution of the resulting 
approximate equation: 

? ( ; ^ ) + ^ ^ • [v^+, " % ] = 0 . (A.63) 
dv 

This is a 2n-dimensional l inear equation involving the 2n-by-2n m a ­
trix S F / O V . By inverting this matr ix , we obtain 

'n+l 

SF(v„) 
F(vn) (A.64) 

The iteration of (A.64) produces the desired values of V and p. 
Since the e r r o r of the Taylor approximation decreases as the square of the 
difference v^+j "^n ' '•^^ convergence is very rapid. The derivative of F is 
given by differentiation of (A.57) and (A.58), and involves the function K and 
its first two derivatives with respect to energy. 
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This me thod y i e l d s a so lu t ion of (4.86) and (4.87) for a p a r t i c u l a r 
va lue of p , . In the c o m p u t a t i o n s of Sec t ion IV .3 , the m e t h o d i s i t e r a t e d to 
obtain a solut ion for a p a r t i c u l a r z e r o po in t . Th i s i s done in the fo l lowing 
m a n n e r : When V and p have been ob ta ined for a given p^, t h e y a r e u s e d 
to compute the p r e s s u r e P(pf) (using w h i c h e v e r p r e s s u r e e x p r e s s i o n i s of 
i n t e r e s t ) - After th i s funct ion h a s been c o m p u t e d a t two p o i n t s , P = F'(Pfn) 
and P J , . , = T'(pfn_,), it m a y be a p p r o x i m a t e d by a l i n e a r funct ion p a s s i n g 
through t h e s e p o i n t s : 

p{p ) ~ Pn- iP fn"PnPfn - l + ( P n - P n - i ) P f . ( A . 6 5 ) 

^ Pfn-Pfn-i 

A new value of pr i s then ob ta ined by solving P(pf) = 0 in th i s l i n e a r 
a p p r o x i m a t i o n ; 

Pfn+i = (PnPfn- i "Pn- lPfn) ( P n " P n - i ) - ' • (A.66) 

and then eva lua t ing the p r e s s u r e at the new p£. The r e p e t i t i o n of t h i s p r o ­
c e d u r e c o n v e r g e s upon a value of pf for which P(pf) = 0. At e a c h s t a g e the 
two points used in (A.66) a r e c h o s e n to be the l a s t point c o m p u t e d and one 
of the two points u s e d in the p r e v i o u s s t age (wh icheve r one is n e a r e r to the 
l a s t point compu ted ) . 



109 

APPENDIX B 

ADDITIONAL RESULTS OF THE HOMOGENEOUS-CASE 
PUFF-MARTIN COMPUTATION 

The following tables give additional results from the computations 
described in Chapter IV. Each table gives the functions V(p) and p(p) for 
a part icular value of pf, along with the parameters /i, p , e, P„, and P L - T -
The first eight tables give these resul ts for equally spaced values of 
P£ = 0.6(0.2)2.0, the next two tables give results for the ;U and L-T zero 
points, and the last table gives results for the L-T zero point using the 
effective-mass approximation. The appropriate units are 

Pf 

P 

V(p) 

M 

fe rmi" ' 

fermi ~ 

Mev 

Mev 

/3 fe r m i " ' 

P 

e 

PM 

P L - -T 

fermi" 

Mev-f"' 

Mev-f"' 

Mev-f-' 

The tables have been reproduced directly from a listing of the com­
puter output (except for the ;U-zero-point table). The least significant figures 
a re unrounded in some cases . 

Note that the quantities p, e , P^ , and P L - T "^"St be multiplied by a 
degeneracy factor of four. 



no 

EX/VCT SOLUTION EXACT SOLUTION 

PF = 0.60000 
MU = -6.9359 
RHO = 0.002967 
EPSILON = -C.0CB25 
MU PRESSURE = - C O 1232 
L-T PRESSURE = -0.01032 

PF = 1.20000 
MU = -26.U912 
RHO = 0.025812 
EPSILON = -0.3U750 
MU PRESSURE = -0.33709 
L-T PRESSURE - -0.27767 

0.9869S 
0.93253 
0.83970 
0.71670 
O.57I1UU 
0.>t2S56 
0.28330 
0.16030 
0.0671t7 
G.0130S 

0. 
n ^ 

0. 
0 
0. 

c 
fj 

C' 
0 

.59217 

.55952 

.50382 

.U3J02 

.31166 

.25531 

.16998 

.C961S 

.01018 

.00783 

-11. 
-11. 
-11. 
-11. 
-11. 
-11. 
-11. 
-11. 
-11. 
-11, 

.103 

.115 
,11^ 
.176 
.523 
.561 
.595 
.613 
,62: 
.621 

0. 
0, 
0. 
0. 
0, 
0, 
0, 
0, 
G, 

u. 

,79617 
.8C171 
.80916 
.81761 
.82181 
.83015 
.83358 
.83537 
.836C5 
.63619 

P/PF 

0.98695 
0.93253 
0.83970 
0.71670 
O.5711II 
0.U2556 
0.28330 
0.16030 
0.06717 
0.01305 

P 

1 
1. 
1. 
0, 
0. 

c. 
0, 
0. 
0. 
0, 

.18131 

. 119C1 

.00765 

.86001 

.68932 

.51068 

.33996 

.19235 

.08096 
,01566 

V(P) 

-56.728 
-58.282 
-60.816 
-63.902 
-67.CC6 
-69.628 
-71.159 
-72.168 
-72.863 
-72.915 

RHOIPI 

0.87920 
0.88129 
0.88127 
0.88729 
0.88981 
0.89169 
0.89285 
0.89315 
0.89367 
0.89372 

EXACT SOLUTION EXACT SOLUTION 

PF = O.8OO00 
MU = -12.9995 
RHO = 0.01 7106 
EPSILON = -C.01191 
MU PRESSURE = -t.05136 
L-T PRESSURE - -0.C169; 

PF = 1.10000 
MU = -29.5632 
RHO = 0.010885 
EPSILON - -0.67188 
MU PRESSURE = -C.53381 
L-T PRESSURE = -0.38593 

0.98695 
0.93253 
0.83970 
0.71670 
0.57111 
0.U2556 
0.28330 
0.16030 
0.06717 
0.0130S 

0, 

c. 
c. 
0. 

c. 
0. 
0. 
0, 
0. 
0 

,78956 
,716.3 

,67176 
.57336 

.15955 

.31015 

.22661 

.12821 

.05397 

.01011 

-26, 

-26, 

-26, 
-27. 

-27, 

-28. 

-28, 

-28. 
-28. 

-28, 

.325 

. 55C 

,918 

,365 
,813 

.189 

.150 

.593 

.619 

.661 

0. 
0. 
0, 
0. 
0. 
0. 
0, 
0, 
0, 
0 

,81518 

.81898 

.85108 

.85913 

.861u7 

.86751 

.86971 

.87085 

.87128 

.87137 

P/PF 

0.98695 

0.93253 

0.83970 

0.71670 
0.57111 

0.12556 
0.28330 

0.16030 
0.06717 

0.01305 

P 

1, 
1, 
1, 
1, 

(. . 
0, 
f;. 
0, 
0, 
G, 

.38173 

.30551 

.17559 

.00338 

.80121 

.59579 

.39662 

.22111 

.09116 

.01827 

VIP) 

-70.883 
-73.680 
-78.277 
-83.932 
-89.682 
-91.586 
-98.036 
-99.918 

-100.697 
-100.853 

RHOIPI 

0.87633 
0.87831 
0.88111 
0.88391 
0.88625 
0.88792 
0.88895 
0.88918 
0.88968 
0.88972 

EXACT SOLUTION EXACT SOLUTION 

PF = 1.00000 
MU = -20.1618 
RHO = 0.011830 
EPSILON = -0.11C38 
MU PRESSURE = -0.15865 
L-T PRESSURE = -0.13638 

PF = 1.60000 
MU = -27.1606 
RHO = 0.060211 
EPSILON = -1.05317 
MU PRESSURE = -C.58220 
L-T PRESSURE = -0.23621 

0.98695 
0.93253 
0.83970 
0.71670 
0.57411 
0.112556 
0.28330 
0.16030 
0.067117 
0.01305 

0. 
0. 
0. 
0. 
0, 
0, 
0. 
0. 
0. 
0. 

.98695 

.93253 
,83970 
.71670 
,57111 
.12556 
,28330 
.16030 
.06717 
,01305 

-11, 
-11. 
-12. 
-11. 
-15. 
-16. 
-17. 
-18, 
-18, 
-18, 

,073 
.781 
.930 
.321 
.709 
.873 
.682 
.126 
.300 
.336 

0.87020 
0.87276 
0.87615 
0.88026 
0.88353 
0.88592 
0.88711 
0.88822 
0.88852 
0.88858 

0.98695 
0.93253 
0.83970 
0.71670 
0.57111 
0.12556 
0.28330 
0.16030 
0.06717 
0.01305 

1. 
1, 
1. 
1. 
0, 
0. 
0, 
0, 
0 
0, 

.57913 

.19205 

.31353 

.11672 

.91910 

.68990 

.15328 

.25617 

.10795 

.02087 

-81, 
-85, 
-92. 

-102. 
-111. 
-119. 
-125. 
-128. 
-129. 
-129. 

.303 
,690 
.969 
.031 
.365 
.108 
.113 
.289 
.536 
.796 

0, 
0. 
0. 
0. 
0, 
0. 
0, 
0, 
0. 
0, 

.86370 

.86605 
,86923 
.87233 
.87187 
.87667 
.87778 
.87835 
.87857 
.87861 
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EXACT SOLUTION EXACT SOLUTION 

PF = 1.80000 
MU = -17.8119 
RHO = 0.083850 
EPSILON = -1.29668 
MU PRESSURE = -fc.19935 
L-T PRESSURE = 0.55739 

PF - 1.68615 
MU = -21.0275 
RHO = 0.069908 
EPSILON = -1.19026 
MU PRESSURE = -C.18915 
L-T PRESSURE = -0.00000 

0.98695 
0.93253 
0.83970 
0.71670 
0.57111 
0.12556 
0.28330 
0.16030 
0.06717 
0.01305 

1 
1, 
1 
1 
1 
0 
0. 
0 
0 
0, 

.77652 

.67856 

.51117 

.29006 

.03399 

.76601 

.50991 

.28853 

.12111 

.02318 

-86. 
-92. 

-103. 
-116. 
-129. 
-111. 
-150. 
-155. 
-156. 
-157. 

.51C 

.695 
,071 
, 170 
.836 
.751 
.271 

.1:38 

.915 

.306 

0, 
0. 
0. 
0, 
0. 
0. 
0. 
0. 
0. 
0. 

.8121.8 
,81518 
.81981 
.85393 

.85720 
,85919 
.86090 

,86162 
.86189 
.86191 

EXACT SOLUTION 

P/PF 

0.98695 
0.93253 

0.83970 
0.71670 
0.57111 
0.12556 
0.28330 
0.16030 
0.06717 

0.01305 

P 

1, 
1, 
1, 
1, 
0, 
0, 

c 
0 

c 
u 

.66115 

.57267 

.11612 

.20868 

.96876 

.71769 

.17778 

.27033 

.11378 

.0220C 

(E MASS SOLUTION H 

V(PI 

-81.213 
-89.393 
-97.977 

-108.728 
-119.857 
-129.198 
-136.359 
-110.187 
-111.693 
-112.006 

ITH BETA = 

RHOIPI 

0.85517 
0.85815 
0.86171 
0.86515 
0.86793 
0.86989 
0.87111 
0.87173 
0.87196 
0.87201 

0.893C7 

PF •= 2.00000 
MU - -1.3085 
RHO = 0. 1 11501 
EPSILON = -1.1C553 
MU PRESSURE = C.95963 
L-T PRESSURE = 2.19883 

PF = 1.68615 
MU = -21.7661 
RHO = 0.069823 
EPSILON = -1.23233 
MU PRESSURE = -0.19691 
L-T PRESSURE = -0.OOOOO 

P/PF 

0.98695 
0.93253 
0.83970 
0.71670 
0.57111 
0.12556 
0.28330 
0.16030 
0.06717 
0.01305 

P 

1 
1 
1 
1 
1 
C 
0 
0 
G 
0 

.97391 

.86506 

.67911 

.1331C 

.11887 

.85113 

.56660 

.32059 

.13191 

.02609 

V(P1 

-86, 
-91, 

-107, 
-121. 
-113, 
-159, 
-171, 
-177, 
-18C, 
-181, 

1 

, 133 
.076 
,617 
,99 3 
,391 
.625 
,330 
.912 
,510 
,051 

RH0(P1 

0.eC812 
0.81623 
0.82358 
0.82975 
0.83111 
0.83766 
0.83961 
0.81060 
0.81097 
0.81105 

P/PF 

0.98695 
0.93253 
0.83970 
0.71670 
0.57111 
0.12556 
0.28330 
0.16030 
0.06717 
0.01305 

P 

1, 
1, 
1 , 
1, 
0, 
0, 

r, 
0, 

c 
c 

.66115 

.57267 

.11612 

.20868 

.96876 

.71769 

.17778 

.27033 

.11378 

.02200 

V(PI 

-85.218 
-91.105 

-100.193 
-110.591 
-120.151 
-128.391 
-133.752 
-136.615 
-137.766 
-137.998 

RHOIPI 

0.85522 
0.85636 
0.85916 
0.86372 
0.86780 
0.87092 
0.87292 
0.87396 
0.87136 
0.87111 

EXACT SOLUTION 

PF = 1.8191 
MU = -11.137 
RHO = 0.09028 
EPSILON = -1.3C31 
MU PRESSURE = C.OOOO 
L-T PRESSURE = 0.9073 

P/PF VIP) RHOIPI 

0.98695 
0.93253 
0.83970 
0.71670 
0.57111 
0.12556 
0.28330 
0.16030 
0.06717 
3.01305 

1.8219 
1.7213 
1.5527 
1.3252 
1.0622 
0.7869 
C.5238 
r.2961 
0.1218 
0.0211 

-86.92 
-93.55 

-101.72 
-118.86 
-133.67 
-116.62 
-155.89 
-161.C9 
-163.11 
-163.56 

0.8353 
0.8392 
0.8110 
0.8185 
0.852C 
0.8515 
0.8560 
0.8568 
0.8571 
0.8572 
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A P P E N D I X C 

ADDITIONAL R E S U L T S O F THE INHOMOGENEOUS-CASE 
P U F F - M A R T I N C O M P U T A T I O N 

The following t a b l e s give add i t iona l r e s u l t s f r o m the c o m p u t a t i o n 
d e s c r i b e d in C h a p t e r V, a f te r the ten th i t e r a t i o n . The t a b u l a t e d func t ions 
a r e the dens i ty p(z) , the e n e r g y d e n s i t y e (z ) , and the t h r e e c o m p o n e n t s 
Vo(zco), VJ_(ZCD), and V|| (ZCD) of the effect ive po ten t i a l . (5 ) The a p p r o p r i a t e 
un i t s a r e 

z f e r m i e M e v - f " ' 

CD Mev Vo Mev 

p f e r m i " ' ^ 1 ' II Mev-f^ 

The t a b l e s have been r e p r o d u c e d d i r e c t l y f r o m a l i s t i n g of the c o m ­
puter output . The l e a s t s igni f icant f i g u r e s a r e u n r o u n d e d in s o m e c a s e s . 

Note that the funct ions p(z) and e(z) m u s t be m u l t i p l i e d by a d e g e n ­
e r a c y factor of 4 . 



ENERGY D E N S I T Y 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

1.00 
1.33 
1.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.67 
7.00 
7.33 
7.67 

B.OO 
8.33 
8.67 
9.00 
9.33 
9.67 

o.cocoo 
0.0000 1 
0.0OCO2 

o.oocai 
0.00010 
0.00025 

0.00061 
0.C0156 
0.00360 
0.00762 
0.01113 
0.02103 

0.03522 
0.01600 
0.05152 
0.06006 
0.06320 
0.C6512 

0.06672 
0.06813 
0.06902 
0.C6929 
0.06923 
0.06926 

0.06952 
0.C6982 
0.06991 
0.06977 
0.06962 
0.06965 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

1.00 
1.33 
1.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.6T 
7.00 
7.33 
7.67 

6.00 
8.33 
8.67 
9.00 
9.33 
9.67 

EPSILON 

-0.O0C08 
-C.00021 
-C.00052 
-0.00131 
-0.00331 
-0.00826 

-0.01982 
-0.01111 
-0.08781 
-0.15222 
-0.23215 
-0.32531 

-0.13765 
-0.57278 
-0.72227 
-0.86810 
-0.99182 
-1.07912 

-1.13182 
-1.16223 
-1.1815C 
-1.20383 
-1.21808 
-1.22152 

-1.22199 
-1.22160 
-1.22691 
-1.23015 
-1.23390 
-1.23157 

IFFECTIVE 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

1.00 
1.33 
1.67 
S.OO 
5.33 
5.67 

6.00 
6.33 
6.67 
T.OO 
7.33 
7.67 

8.00 
8.33 
8.67 
9.00 
9.33 
9.67 

POTENTIAL 

V ZERO 

-0.01 
-0.09 
-0.22 
-0.51 
-1.18 
-2.59 

-5.37 
-10.38 
-18.11 
-29.81 
-11.11 
-60.11 

-76.32 
-91.36 

-101.21 
-111.31 
-121.59 
-126.36 

-129.23 
-130.91 
-132.08 
-132.95 
-133.55 
-133.87 

-133.97 
-131.01 
-131.09 
-131.23 
-131.32 
-131.33 

FOR OMEGA = 

V PERP 

0.01 
0.01 
0.03 
0.07 
0.17 
0.37 

0.76 
1.50 
2.71 
1.63 
7.21 
10.31 

13.^1 
16.67 
19.11 
20.88 
22.00 
22.68 

23.11 
23.16 
23.67 
23.78 
23.83 
23.86 

23.90 
23.91 
23.95 
23.95 
23.91 
23.91 

-165.00 MEV 

V PARL 

0.01 
0.02 
0.01 
0.09 
0.21 
0.13 

0.86 
1.63 
2.88 
1.75 
7.26 
10.28 

13.18 
16.18 
18.95 
20.71 
21.91 
22.65 

23.13 
23.16 
23.67 
23.78 
23.83 
23.86 

23.90 
23.93 
23.95 
23.95 
23.91 
23.91 



EFFECTn 

r 

0 . 
0 . 3 3 
0 . 6 7 
1 . 0 0 
1 . 3 3 
1 . 6 7 

2 . 0 0 
2 . 3 3 
2 . 6 7 
3 . 0 0 
3 . 3 3 
3 . 6 7 

U.OO 
4 . 3 3 
i » . 67 
5 . 0 0 
5 . 3 3 
5 . 6 7 

i .OO 
S .33 
i . 6 7 

r.oo 
r .33 
r .67 

3.00 
3.33 
3.67 
?.0Q 
K5i 
>.67 

/E POTENTIAL 

V ZERO 

- O . O U 
- 0 . 0 9 
- 0 . 2 2 
- 0 . 5 2 
- 1 . 1 9 
- 2 . 6 2 

- 5 . U 3 
- 1 0 . U 9 
- 1 8 . 6 2 
- 3 C . 1 7 
- 1 * U . 6 9 
- 6 0 . 9 6 

- 7 7 . U 7 
- 9 2 . 7 9 

- 1 0 5 . 8 4 
- 1 1 6 . 0 8 
- 1 2 3 . 1 * 4 
- 1 2 8 . 2 6 

- 1 3 1 . 1 7 
- 1 3 2 . 9 0 
- 1 3 4 . 0 7 
- 1 3 4 . 9 4 
- 1 3 5 . 5 4 
- 1 3 5 . 8 6 

- 1 3 5 . 9 6 
- 1 3 6 . 0 1 
- 1 3 6 . 1 9 
- 1 3 6 . 2 2 
- 1 3 6 . 3 1 
- 1 3 6 . 3 2 

FOR OMEGA = 

V PERP 

0 . 0 1 
0 . 0 1 
0 . 0 3 
0 . 0 7 
0 . 1 7 
0 . 3 7 

C . 7 7 
1 .51 
2 . 7 7 
4 . 6 8 
7 . 2 7 

1 0 . 4 0 

1 3 . 7 2 
1 6 . 7 9 
1 9 . 2 8 
2 1 . 0 3 
2 2 . 1 5 
2 2 . 8 4 

2 3 , 3 0 
2 3 . 6 2 
2 3 . 8 3 
2 3 . 9 4 
2 3 . 9 9 
2 4 . 0 2 

2 4 . 0 6 
2 4 . 1 0 
2 4 . 1 1 
2 4 . 1 1 
2 4 . 1 0 
2 4 . 1 0 

- 1 5 0 . 0 0 MEV 

V PARL 

0 . 0 1 
0 . 0 2 
0 . 0 4 
0 . 1 0 
0 . 2 1 
0 . 4 4 

0 . 8 7 
1 . 6 4 
2 . 9 0 
4 . 7 9 
7 . 3 2 

1 0 . 3 6 

1 3 . 5 9 
1 6 . 6 2 
1 9 . 1 0 
2 0 . 8 9 
2 2 . 0 7 
2 2 . 8 1 

2 3 . 2 9 
2 3 . 6 2 
2 3 . 8 3 
2 3 . 9 4 
2 3 . 9 9 
2 4 . 0 2 

2 4 . 0 6 
2 4 . 0 9 
2 4 . 1 1 
2 4 . 1 1 
2 4 . 1 0 
2 4 . 1 0 

EFFECTIVE POTENTIAL FOR OMEGA = -135.00 MEV 

r 

0 . 
0 . 3 3 
0 . 6 7 
1 .00 
1 . 3 3 
1 . 6 7 

2 . 0 0 
2 . 3 3 
2 . 6 7 
3 . 0 0 
3 . 3 3 
3 . 6 7 

U.OO 
4 . 3 3 
4 . 6 7 
5 . 0 0 
5 . 3 3 
5 . 6 7 

6 . 0 0 
6 . 3 3 
6 . 6 7 
7 . 0 0 
7 . 3 3 
7 . 6 7 

8 . 0 0 
B . 3 3 
8 . 6 7 
9 . 0 0 
9 . 3 3 
9 . 6 7 

V ZERO 

- 0 . 0 4 
- 0 . C 9 
- 0 . 2 2 
- 0 . 5 2 
- 1 . 2 0 
- 2 . 6 5 

- 5 . 5 0 
- 1 0 . 6 2 
- 1 8 . 8 5 
- 3 0 . 5 7 
- 4 5 . 3 1 
- 6 1 . 8 7 

- 7 8 . 6 9 
- 9 4 . 3 0 

- 1 0 7 . 5 8 
- 1 1 7 . 9 6 
- 1 2 5 . 4 0 
- 1 3 C . 2 6 

- 1 3 3 . 2 1 
- 1 3 4 . 9 7 
- 1 3 6 . 1 5 
- 1 3 7 . 0 3 
- 1 3 7 . 6 4 
- 1 3 7 . 9 5 

- 1 3 8 . C 6 
- 1 3 8 . 1 1 
- 1 3 8 . 2 0 
- 1 3 8 . 3 3 
- 1 3 8 . 4 1 
- 1 3 8 . 4 2 

V PERP 

0 . 0 1 
0 . 0 1 
0 . 0 3 
0 . 0 8 
0 . 1 7 
0 . 3 8 

0 . 7 8 
1 . 5 3 
2 . 8 0 
4 . 7 3 
7 . 3 5 

1 C . 5 0 

1 3 . 8 4 
1 6 . 9 4 
1 9 . 4 4 
2 1 . 2 0 
2 2 . 3 3 
2 3 . 0 2 

2 3 . 4 8 
2 3 . 8 0 
2 4 . 0 1 
2 4 . 1 2 
2 4 . 1 7 
2 4 . 2 0 

2 4 . 2 4 
2 4 . 2 8 
2 4 . 2 9 
2 4 . 2 9 
2 4 . 2 8 
2 4 . 2 8 

V PARI 

0 . 0 1 
0 . 0 2 
0 . 0 4 
O . I C 
0 . 2 1 
0 . 4 4 

0 . 8 8 
1 . 6 5 
2 . 9 3 
4 . 8 3 
7 . 3 9 

1 0 . 4 6 

1 3 . 7 2 
1 6 . 7 7 
1 9 . 2 7 
21 . 0 7 
2 2 . 2 5 
2 2 . 9 8 

2 3 . 4 7 
2 3 . 8 C 
2 4 . 0 1 
2 4 . 1 2 
2 4 . 1 7 
2 4 . 2 0 

2 4 . 2 4 
2 4 . 2 8 
2 4 . 2 9 
2 4 . 2 9 
2 4 . 2 8 
2 4 . 2 8 



ITENTIAL 

V ZERO 

- 0 . C 4 
- C . G 9 
- 0 . 2 3 
- 0 . 5 3 
- 1 . 2 2 
- 2 . 6 8 

- 5 . 5 7 
- 1 C . 7 6 
- 1 9 . 1 1 
- 3 1 . 0 0 
- 4 5 . 9 9 
- 6 2 . 8 6 

- 8 0 . C I 
- 9 5 . 9 2 
- 1 0 9 . 4 3 
1 1 9 . 9 6 

- 1 2 7 . 4 8 
1 3 2 . 3 9 

1 3 5 . 3 7 
• 1 3 7 . 1 7 
1 3 8 . 3 7 
1 3 9 . 2 5 

• 1 3 9 . 8 5 
- 1 4 C . 1 7 

- 1 4 0 . 2 8 
• 1 4 0 . 3 4 
- 1 4 0 . 4 3 
1 4 0 . 5 6 

- 1 4 0 . 6 4 
• 1 4 C . 6 5 

FOR OMEGA = 

V PERP 

0 . 0 1 
0 . 0 1 
0 . 0 3 
0 . 0 8 
0 . 1 7 
0 . 3 8 

0 . 7 9 
1 . 5 6 
2 . 8 4 
4 . 7 9 
7 . 4 4 

1 0 . 6 2 

1 3 . 9 9 
1 7 . 1 1 
1 9 . 6 3 
2 1 . 4 0 
2 2 . 5 3 
2 3 . 2 2 

2 3 . 6 8 
2 4 . 0 1 
2 4 . 2 2 
2 4 . 3 3 
2 4 . 3 7 
2 4 . 4 0 

2 4 . 4 4 
2 4 . 4 8 
2 4 . 5 0 
2 4 . 5 0 
2 4 . 4 9 
2 4 . 4 9 

- 1 2 0 . 0 0 MEV 

V PARL 

0 . 0 1 
0 . 0 2 
0 . C 4 
0 . 1 0 
0 . 2 1 
0 . 4 4 

0 . 6 9 
1 . 6 7 
2 . 9 6 
4 . 8 8 
7 . 4 7 

1 0 . 5 8 

1 3 . 8 7 
1 6 . 9 5 
1 9 . 4 7 
2 1 . 2 8 
2 2 . 4 5 
2 3 . 1 9 

2 3 . 6 7 
2 4 . 0 1 
2 4 . 2 2 
2 4 . 3 3 
2 4 . 3 8 
2 4 . 4 1 

2 4 . 4 4 
2 4 . 4 8 
2 4 . 5 0 
2 4 . 5 0 
2 4 . 4 9 
2 4 . 4 9 

•FFECTIVE 

0 . 
0 . 3 3 
0 .67 
1.00 
1.33 
1.67 

2.00 
2 .33 
2 .67 
3 .00 
3 .33 
3 .67 

4 .00 
4 .33 
4 .67 
5.00 
5 .33 
5.67 

6 .00 
6 .33 
6 .67 
7.00 
7 .33 
7 .67 

8.00 
8 .33 
8.67 
9 .00 
9.33 
9 .67 

POTENTIAL 

V ZERO 

- 0 . 0 4 
- 0 . 0 9 
- 0 . 2 3 
- 0 . 5 4 
- 1 . 2 4 
- 2 . 7 3 

- 5 . 6 5 
- 1 0 . 9 2 
- 1 9 . 4 0 
- 3 1 . 4 9 
- 4 6 . 7 5 
- 6 3 . 9 5 

- 8 1 . 4 5 
- 9 7 . 6 8 

- 1 1 1 . 4 4 
- 1 2 2 . 1 2 
- 1 2 9 . 7 2 
- 1 3 4 . 6 8 

- 1 3 7 . 7 0 
- 1 3 9 . 5 2 
- 1 4 0 . 7 4 
- 1 4 1 . 6 3 
- 1 4 2 . 2 3 
- 1 4 2 . 5 5 

- 1 4 2 . 6 6 
- 1 4 2 . 7 3 
- 1 4 2 . 8 2 
- 1 4 2 . 9 4 
- 1 4 3 . 0 2 
- 1 4 3 . 0 3 

FOR OMEGA = 

V PERP 

0 . 0 1 
0 . 0 1 
0 . 0 3 
0 . 0 8 
0 . 1 8 
0 . 3 9 

0 . 8 1 
1 . 5 8 
2 . 8 8 
4 . 8 6 
7 . 5 4 

1 0 . 7 6 

1 4 . 1 6 
1 7 . 3 1 
1 9 . 8 4 
2 1 . 6 3 
2 2 . 7 6 
2 3 . 4 6 

2 3 . 9 2 
2 4 . 2 4 
2 4 . 4 6 
2 4 . 5 7 
2 4 . 6 1 
2 4 . 6 4 

2 4 . 6 8 
2 4 . 7 2 
2 4 . 7 4 
2 4 . 7 3 
2 4 . 7 2 
2 4 . 7 3 

- 1 0 5 . 0 0 MEV 

V PARL 

0 . 0 1 
0 . 0 2 
0 . 0 4 
0 . 1 0 
0 . 2 2 
0 . 4 5 

0 . 9 C 
1 . 6 9 
3 . 0 0 
4 . 9 5 
7 .57 

10.71 

14.05 
17.16 
19.69 
21 .51 
22 .69 
23 .42 

23 .91 
24 .24 
24 .46 
24 .57 
24 .61 
24 .64 

24 .68 
24 .72 
24 .74 
24 .73 
24 .72 
24 .73 



EFFECTIVE POTENTIAL FOR OMEGA = 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

4.00 
4.33 
4.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.67 
7.00 
7.33 
7.67 

8.00 
8.33 
8.67 
9.00 
9.33 
9.67 

V ZERO 

-C 
-0 
-C 

-c 
-1 
-2 

-5 
-1 1 
-19 
-32 
-47 
-65 

-83 
-99, 
-113, 
-124, 
-152, 
-137. 

-14C, 
-142, 
•143, 
•144. 
-144. 
•145. 

145. 
145. 
145. 
145. 
145. 
145. 

.C4 

.10 

.23 

.55 

.26 

.77 

.75 

.11 

.73 

.r4 

.60 

.16 

.C5 

.62 

.63 

.47 

.16 

.17 

.21 
,07 
.30 
.2; 
,80 
,1 1 

24 
30 
40 
52 
60 
61 

OMEGA = 

V PERP 

0.01 
C.Ol 
0.03 
C.08 
0.18 
0.40 

0.83 
1.61 
2.94 
4.94 
7.66 
10.92 

14.36 
17.54 
20. 10 
21.90 
23.04 
23.74 

24.20 
24.52 
24.73 
24.84 
24.89 
24.92 

24.96 
25.OC 
25.02 
25.01 
25.00 
25.00 

-90.00 MEV 

V PARL 

0.01 
0.02 
0.04 
O.IC 
0.22 
0.46 

0.91 
1.72 
3.04 
5.02 
7.68 
10.87 

14.25 
17.4C 
19.96 
21.79 
22.97 
23.70 

24.19 
24.52 
24.74 
24.85 
24.89 
24.92 

24.96 
25.OC 
25.02 
25.01 
25.OC 
25.00 

iFFECTIVE 

» 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

4.00 
4.33 
4.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.67 
7.00 
7.33 
7.67 

8.00 
8.33 
8.67 
9.00 
9.33 
9.67 

POTENTIAL 

V ZERO 

-0.04 
-0.10 
-0.24 
-C.56 
-1.29 
-2.83 

-5.87 
-11.32 
-2C.1 1 
-32.67 
-48.56 
-66.53 

-84.83 
-101.77 
-116.06 
-127.07 
-134.85 
-139.90 

-142.97 
-144.86 
-146.1 1 
-147.01 
-147.60 
-147.92 

-148.05 
-148.1? 
-148.22 
-148.34 
-148.41 
-148.42 

FOR OMEGA = 

V PERP 

0.01 
C.Ol 
0.04 
0.08 
0.19 
0.41 

0.85 
1.65 
3.00 
5.05 
7.81 
11.12 

14.61 
17.83 
20.41 
22.22 
23.37 
24.06 

24.52 
24.85 
25.06 
25.17 
25.22 
25.24 

25.28 
25.32 
25.34 
25.34 
25.33 
25.33 

-75.OG MEV 

V PARL 

0.01 
0.02 
0.05 
0.10 
0.22 
0.47 

0.93 
1.75 
3.10 
5.11 
7.82 
11.07 

14.50 
17.70 
20.28 
22.12 
23.30 
24.03 

24.51 
24.85 
25.07 
25.18 
25.22 
25.24 

25.28 
25.33 
25.34 
25.34 
25.33 
25.33 



FFECTIVI 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

4.00 
4.33 
4.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.67 
7.00 
7.33 
7.67 

8.00 
8.33 
8.67 
9.00 
9.33 
9.67 

E POTENTIAL 

V ZERO 

-0.04 
-0.10 
-0.24 
-0.58 
-1 .32 
-2.90 

-6.00 
-11.58 
-20.57 
-33.41 
-49.69 
-68.10 

-86.87 
-104.22 
-118.80 
-129.99 
-137.85 
-142.94 

-146.04 
-147.95 
-149.22 
-150.12 
-150.72 
-151.03 

-151.17 
-151.25 
-151.35 
-151.46 
-151.53 
-151.54 

FOR OMEGA = 

V PERP 

0.01 
0.02 
0.04 
0.09 
0.19 
0.42 

0.87 
1 .70 
3.09 
5.18 
8.00 
11.36 

14.91 
18.17 
20.79 
22.61 
23.76 
24.46 

24.92 
25.24 
25.46 
25.57 
25.61 
25.64 

25.68 
25.72 
25.74 
25.73 
25.72 
25.72 

-60.00 MEV 

V PARL 

0.01 
0.C2 
0.05 
0.11 
0.23 
0.48 

0.95 
1.79 
3.17 
5.23 
8.00 
11.31 

14.81 
18.05 
20.67 
22.52 
23.70 
24.43 

24.91 
25.25 
25.46 
25.57 
25.61 
25.64 

25.68 
25.72 
25.74 
25.73 
25.72 
25.72 

FFECTIVE 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

4.00 
4.33 
4.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.67 
7.00 
7.33 
7.67 

8.00 
8.33 
8.67 
9.00 
9.33 
9.67 

POTENTIAL 

V ZERO 

-0.04 
-0.10 
-0.25 
-0.60 
-1.36 
-2.98 

-6.18 
-11.90 
-21.12 
-34.31 
-51.C3 
-69.96 

-89.25 
-107.04 
-121.95 
-133.32 
-141.26 
-146.38 

-149.52 
-151.45 
-152.73 
-153.64 
-154.23 
-154.54 

-154.68 
-154.77 
-154.87 
-154.98 
-155.04 
-155.05 

FOR OMEGA = 

V PERP 

0.01 
0.02 
0.04 
0.09 
0.20 
0.44 

0.91 
1.77 
3.19 
5.34 
8.23 
11.68 

15.29 
18.60 
21.25 
23.10 
24.25 
24.95 

25.40 
25.73 
25.94 
26.05 
26.09 
26.12 

26.15 
26.20 
26.22 
26.21 
26.20 
26.20 

-45.00 MEV 

V PARL 

0.01 
0.02 
0.05 
0.1 1 
0.24 
0.49 

0.98 
1.85 
3.27 
5.38 
8.22 
11.62 

15.20 
18.50 
21.16 
23.02 
24.19 
24.91 

25.39 
25.73 
25.95 
26.05 
26.09 
26.11 

26.16 
26.20 
26.22 
26.21 
26.19 
26.20 



EFFECTn 

Z 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

4.00 
4.33 
4.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.67 
7.00 
7.33 
7.67 

8.00 
8.33 
8.67 
9.00 
9.33 
9.67 

IE POTENTIAL 

V ZERO 

-C.C4 
-C.11 
-0.26 
-G.62 
-1.42 
-3.10 

-6.4C 
-12.31 
-21 .83 
-35.44 
-52.70 
-72.23 

-92.12 
-110.41 
-125.66 
-137.22 
-145.23 
-150.38 

-153.53 
-155.48 
-156.78 
-157.68 
-158.26 
-158.57 

-158.72 
-158.81 
-158.92 
-159.02 
-159.08 
-159.C9 

FOR OMEGA = 

V PERP 

0.01 
0.02 
0.04 
0.09 
0.21 
0.46 

0.96 
1.85 
3.34 
5.57 
8.55 
12.09 

15.79 
19. 17 
21.85 
23.71 
24.86 
25.56 

26.01 
26.33 
26.54 
26.65 
26.69 
26.71 

26.75 
26.79 
26.81 
26.81 
26.80 
26.80 

-30.00 MEV 

V PARL 

0.01 
0.02 
G.05 
0.11 
0.25 
0.52 

1.02 
1.93 
3.40 
5.59 
8.52 
12.03 

15.71 
19.09 
21.78 
23.65 
24.81 
25.52 

26.00 
26.34 
26.55 
26.65 
26.69 
26.71 

26.75 
26.80 
26.82 
26.81 
26.79 
26.80 

•FFECTIVE 

t 

0. 
0.33 
0.67 
1.00 
1.33 
1.67 

2.00 
2.33 
2.67 
3.00 
3.33 
3.67 

4.00 
4.33 
4.67 
5.00 
5.33 
5.67 

6.00 
6.33 
6.67 
7.00 
7.33 
7.67 

8.00 
8.33 
8.67 
9.00 
9.33 
9.67 

POTENTIAL 

V ZERO 

-0.05 
-0.12 
-0.28 
-0.65 
-1 .49 
-3.25 

-6.71 
-12.88 
-22.80 
-36.95 
-54.90 
-75.18 

-95.77 
-114.63 
-130.23 
-141.96 
-15C.02 
-155.16 

-158.31 
-160.28 
-161.58 
-162.48 
-163.05 
-163.35 

-163.50 
-163.61 
-163.71 
-163.81 
-163.86 
-163.88 

FOR OMEGA = 

V PERP 

0.01 
0.02 
U.04 
0.10 
0.23 
0.50 

1.03 
1.98 
3.55 
5.89 
9.00 
12.67 

16.48 
19.94 
22.66 
24.53 
25.67 
26.35 

26.79 
27.11 
27.32 
27.42 
27.46 
27.49 

27.52 
27.57 
27.59 
27.58 
27.57 
27.57 

-15.00 MEV 

V PARL 

0.01 
0.02 
0.05 
0.12 
0.26 
0.55 

1.09 
2.04 
3.59 
5.89 
8.96 
12.61 

16.42 
19.88 
22.61 
24.48 
25.62 
26.31 

26.78 
27.12 
27.34 
27.43 
27.46 
27.48 

27.52 
27.57 
27.59 
27.58 
27.56 
27.56 
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